Chapter 1: The Geometry of Euclidian &pace

[Section 1.1: Pojnts and vectors in 2p ond 3D]

n-dimensional space (—7 order matrer$
For n21, R" is the set of all ordered lists of n real numbers

We can represent points (ie. locarions) in n-dimensiOnal space using elements of R

(@,a,) and (2,4,4) are the cartesian coordinates of P and Q.
T & ond a, are called “coordinates” of P
- cartisian refers to the fact thar we fixed the origin and the mutually perpendicular axis going trough
the origin. Poinfs are descrbed relarive 1o the origin,

vectors
A veuor (< a physical quantity that has magnitude and direction.

“a vector is “n-dimensonal” i it is situated i w- dimensiongl space.
write vechors as & , Z , or @ (boldface).

We can yse arrows in n-dimensional gpace fo reprecent n-dimensional vedrs.

These represent two of / a=<a,, a7 a, and a, are
tre same vedors. “components" of the vecror a .
vettor addition and Subtracton
We add and subtract vecrors by adding and Subttatting each component.

T add viswally, pui the tail /%ibz
of b with the head of a: _"‘ o

123
To subtract vectors geomefrically, picture &2-b os a+(-b) 7 2/ ‘/
A negative vettor = opposite direcrion &-b
scalay multiplicasion /

MuUltiplying @ vector by a Scalar corresponds to scaling 2, w2

oy

Imporiont examples.

—>
i) If p=(a),a,az) is @ point, irs position vector iS <a,, @y, a3y. con be denoted as OP



ii) If P and Q are two points with position vecrors g and b, tnen P—fi'— b-a = 0—6-53
i) we write i=<y,0,0%
i-— {o,1,0) These are the “basis vectors” in R’
k<001
Lines
Q° con we get a formula that geherares the
position vector of all poink on a line \ >
given o point which the 1ine
passes and a vecroy parailel to the ling. R
A: 1f the line passes through point P with poSifion I£ you vary the oefficient of v , you get
veutor @, and if tne line is parallél to v, a different position veCtor on the tine.

fhen as + varies i(n R, & *ty generufes tne
position vectors of All pointe on the line. We wrire: Lit):a+tv (6 €R)
TS i< the powrometric equation for the line.

Q: can we do the same if given 2 distinct points on the line?
A- Yes. If Poand @ are &uth poinfs, Then vecyoc @ < parallel to the Ilwme, §o y_‘-g in the above.
More precisely, if a & the pogition vector of P ond b is rhe position veddr of @, then
i hemnce,
Lty &ttty = &+t(b-@) = &rpb-ta
F-t)atbt  (teR)
Note: Rather than giving the «gh of a line parametrically, we canh eliminate tne paramefer and give the
“coordinarc " equation.
If L= a ttV  then the line is the sef of points (X y,2) such that
T=a +tv, Y= a,t by, 2T atrty,

T4 Vv, Vo, V3 BB, then We can climinate t as follows : o 'Yea -
@, | Y-ar . 5

x= 0o, TV, Y: RtttV Z a3tV VA v
- y-ae L2y ! = s
X-Q) =TV, t: —v, v T
x-®,
ts v

Ling SegmeEnts

If we were tO consider + in o finite interva\, we'd have a parameterizariovn of a line segment .
P
Q

S0, when we restricr to t &€ [0,1], we obtain a parameterization of a ltne segment berween P and R.



Planeg
Planes through Tthe origin are defermined by two vectorg

£ the point passes Throucjh point P with the position vestor & and g parallel to
v and w. then
S(s,t): atsy+ e (5t €R)

|Secﬁon I.Z° Inner Product, Length, and DiStance

v, w parallel 10 ploane. (Assume ¥ is Not Paradel 1o w)

PoSition vectors of all poiniS [n SUcth a plane are of the form sy +tsw (s, t €R)

We say “v, w ¢pan the plane”’, and we write  Z(&t): SV +rtW (s, TER)

as a paramererizarion of the plane (spanned by v , w ).

Inner Product
If a=<a,,y 02, a3y (z @i *ayy *az k)
b:<b, ba, bg? (=bi* by tbyk)
We define the inner product (also called “dot product™) to be the pumber

ab * abta,b, razb can alsO be written as <a, k)
! 2 3vY3

Algepraic Properties. Show why
i) 2a-a20, and 2-2:=0 & az0

i) b=b-C
Magnitude of Vettors
Geometyic Properties : recall that tine \engrh of a vettor 2744, , 4, , a7 is lall= Ja,’ + 0,2+ a,t = \]g,.g_,

50, the inner product can be wsed 1o find the (ength of a vectoy

Move gcne\"al[yl if we want +o compute the distance from P to &, with position vectors 4, b. ™ (s the same as

wmpuring the moghitude of o,

Angles between vecrors
Real power of the inner producr is omputing angles berween vertors:

) Theorem : I£ a, b Qre Vectors in R” and 048<TIL i€ the angle berween &, b,
0 roen a-b=]lafl bl coso )

&

>



Proof : tostne 1aw® (B-al(= (al*+ (bl -2 2l [ b[lwsh
(b-a)  (0-2)=
a-a-qa-b+b-bs
lal*-4a-b _b| 2o a4 10l -2 |2l coser

+ [
- b =((&)[b]l cosp

(¥) tells us that if &,b#0, then a'b=0 & wxh=0 & 0: 72 (becausc o< p41)

Hence, the INner product provides o test For whether 2 vectors ave orthogonal (aka perpendicular).

consequences of (K)
i) Cauchy - Schwarz inequality
(a-k] < (2] IB)f with equakity & &, paroliel or one/borh is 2.
i) Triangle inegqualiry
la+ o €l + Ikl

Projection

L, rhe Orthogonal projection of L on s e amount of ¢ e § I e aifecrion of &
A/ﬁ, L:ptg.eatq P y-as (Ca.ﬂl) a scllal“+a- 9. = ¢ Tar

- -7

y-a
Definition: the orthogonal projection of ¥ onto & i€ P = gyt ¢

Note: The prgjection 0f y onto a ic the same oS the prgjection of v onto xa forany «x#0. v is not limired vy a.

Pefininion : The Scalar projection DF Vv onvo & is the magniude (aco length, aka novm) of +he orthogonal projection.

. . lva W&l [l \
i.e. “l’“ H “5”1_” - N"‘Il" lall = ,,Ma” - l||(_1” losgl  _ VI lcos@|

[Section (.3° Matrices, beterminants, and Cross Products |

Matrices * row
+
Definition: A Mmxh matrix i§ an m by n array of real numbers.

# wiumng

If w:=n, we call these square motvices -
Note © you should think of an mxn matrix &S being a linear map of funcsiDn that takes n dimensional veetors
ang returns m-dimenstonal veurors.
21 -2 ;t (2x&)+ [lx.b)-*(SKC) 20 +b"30>
s o > (c > ((l ,a_\_}(gxb%(t)xc,) ( a+5b
X 2 4—input
ontput



Multiplying Matrices

I{ Ais a mrn matrix and 8 js o pxgq , fhen the product AB 1S well-defined & n=p.
To obtain e i, j] entry of AB, fake the i'th row of A and take imer product wWith tne J'th column of B.

Nott: 1he previovs example is a &pedal ase of martrix multiplicaon if we view a vector as an n«\
matrix -

Note: if we are viewing Mmatvives as fUnCEONS taking veCis 1o VELTTS Then it maves gende 10 odd, swbttack,
multply by Sealars. This 8 all done Componentwie.

Determinant
we can compute the determinant of any <quare matrix. The determinant of a 2x2 maurix

o, a .

( “ IL> 15 the number Ao Qi Ry Ayy ~, 4

Zoi @y, Are 0y, 2o
oy Aq azl Ay Q Ao\ OO ary Ay
Qv Agp an,| /A: a:,az —ay, |0 M| x gy, e @
ag Az Aad s %3 Ay Az 3 %23

Properties of beterminants
i);f yow inrerchange 2 rows, the determimont changes &igns. & if 2 rous arc the same, then detr=0.
i) 1f You multiply & row by & Scalar, then the dederminant is mLitiplied by the same Scalar,
ii) 1f you add a mwitipie of one row to pnoTher, tnen the determingnt © unchanged.,
Note : you can replace Mrow" in every stotement clbove with "column ™.
Fntuitively - deteminants of an nxn &guate MatTix measures how MUch the matrix is congidered ag o mag:
R" > R" digtorty areas /volumes in R
Matyices are a Mapping‘ & i s amap fom R BY ynder this matrix, i+ mrght Ve bf%er/smm\er,
but T What erxrent?

V]

~

dey < |

Cross Proguct
Defn’ The cross produck (“vector product”) of two 3-D vectors

a=a,) " a‘z\j tay K
b=bi *bj *hk
denored as A x b, is the vetrr defmed by
| 2 43\. a’l“’Zl. Ial&z K
axh *|p, bs 1L = (b, by Yl n )L
It It i “'!: l(
= a( /.23 aj
by bz bs

Tow can chetk+hat axb = -(bxad)
™5 property implies that & x& is the ZEro Vector fpr Any vector & .



e crose prodult sotisfies:
) ax(gb rycy=g(axh) + ylaxt)
iaa +ghyx e > A (AxL)+ g(hXCD

You should aléo check

ix{=E

ATE /* Ry
_LKE——_‘_ _ \J
E"i :J' ~_~

§nCe axb g velsor we tan thike itt ipner produtt with anether vettor ¢ +o ger (axb)-c .

This 15 called a " (scalar) miple product.”

(axby.c of | 2222, & 4 Az 4 ¢, i k il TP Kt %
- Az b3 b, b, b. b € ( CL\J G ) bz by [ T2 b ¥ T b, b3
¢ C» C3 a, a, a;
= ar Oz a3 b b, b, b, (T)
b, babs ¢, ¢, €3

The fundamenal property o% the tross produit:

Thus: 14 a, b #0 and X #Xb , +hen &xp is othogonal o both &, b (ecLuivalcnﬂy, it is ortnogonal 1
the plane through the orign - spanned by 4 and b .

Proof * Retall that & non—zem vectors ate ortroqonal & fnelr inner produtt =0, Suppase C#Q ¢ parallel
4o the plane *mromgk e or-5m 6panned by 2 and 2, ie, £: X2 *p_b_ for soMme o, & pot both =0,
Then by (1), @xb)c =0 since tie 3%row 16 o linear Combinattoa o€ the otner 2 ryws.

Henee, 4¥b s orthogonal b C,ie axk orrmjoml to any Vetfor intine plang Hhvough the origin spannzd by
&, b and in partionldr, ortnogonal to &, b.

Finally, if 040<4n 15 the argle between ab, hen Q;%
[laxb]l = [&lilb]l sin®  grmof? -

Compare formuls to  |&-2| =14]([bllcasy

Q"I...‘>/HM’§N%W9
—- B

Then area of pis 17'|ar\glc
4 1 .;1““““‘9](61/19
=sllaxpll
Hente, (12X E|[ (s tne area of Ihe paaliciogram Stanned by @, b (wnen 4, b are X
Tn particular, i€ a and b Are twe vecprs in Fne plang * nen, we Can consider a, b as  Vewors
m 3D with zero ¥-Lmpoents, i, 8:{G ,a,,0) and B><}, b, 07
then the arep 0F the parallelogaum spanned by a4, b

= |[2xk], 5,$% U {4fﬂp” (n:ﬁ_\

b, b0
spanned by <@, 4y ,{b,, br)

<




Ao fre arem of +hc paralieipiped &panned by vectors Q. b is tne abeplufe value of
2 the determinant | 2’ 3
= b v b 3
L 7 Ci 23 (3

Plane

Recall tnar it a plane passes though a pont-w/ pos vec, & and parallel fo the pane 5panncd hy Y, w, then
T(s,t)> a+ sy +tw (5t €R)

Suppose we're gen & point G, = /X, , Y, ,%0) Thiough  Which the plane pasées, and a vecrdr n2Ai+ By 1k ar‘rh?jona/

to the pmr\a.

—_
E? A Then a pom+ P=(xy %) belongs 4o thebplone & PP 15 orrhodor\al o N.&S ?P n=o0
But PPA {A=%9, Y=Yo, 7-2)

/\ Howe P =0 & AX-T) * BY-U)HClz-2,)%0 e, 47+8y+(2+D=p
where P * - AY, ~By,-Cg,

'_'I—)l?

(1
T’ Noie: & plones are paralle( if fneir
rorma veltars are parallel-

[ section L4 cylndrical and Spherical Coordinates]

P
We denote Polar coordinates by (¢, 8) Where 0&r¢od and 04¢6<2m.

A= reosd
yz=rsind

tytindrical coordinates
: (4,2 To get from cortesian (%Y, &) fv cylmdrical coorginates, (r,¢,2), we SimPN wWwnvert the frst

fwo cordinates XY into polar coordinateS: and we leave +he 3-vorioble unfoucnead.

X 4
(8,2

wiy" eylindricat”? Ta 20 polar coordk,

w »
the cavve, r=0 i§ a CirCle of vadius &,

butin 3D, “r=a" (5 an infinire cylnder

tentered on the z-axis.

Spherical Coordinates
(p,©,¥) oare derived as follows * )7-'\].0(1«‘5”2} P is ac in polac/eyindrical

toord (0€0¢2m), and 0SWEm s theongle fom the 2-axis fo the posirion Veiror of the pont V= Xi tYj+ 2E

(XYi3) we can see Y is the solutton jn 06Q@<T 1o s = “i,mp,[
From the prure, we cee & 0 , r=peinQ

where (r,8,2) 4re the cyuondnial coords,

Bt X=¥coe0 = Py and Y= YGND = PG . e, Spherical coords related to carresian.

[}

i3 A (0&pPeo, 0 £9421, ocPe ),



|chapter 2. pifferentiation |

| Section 2.1 Tne geometry of real - vaiued funcrions |

Here, we'll [ook at surfaces derived by equations that are satisfied by the coordinates (X, y, 2) orits points.
" R

D) “the surface A[%X-Xo)* B(Y-Yo) * Cle-2:)"0 () R2lMBiC?

Means " The set of points (XY, 2) saﬁs«fymg (%)

('xv,‘j',?n\
i)V The sucface  x™eytezz1 (koK)
v

Means the Set of points (XY,2) Satstying (¥X)
W) The swrface y=x* (¥%)

is a faarabolic cylinder.
means the Set of points (x,y:) sorisfytng (ks )

Tt mignt be hord fo picture a surface given jugtits equation.

However, if our surfaces arises as the jmph of-a function R R, we have the nofion of level curves

|Mu(ﬁuarfable Eunctions |

Let W SR" be a domain of 1.

Look at funcrions  f: ue ">, where w,m2(, If m=1,

we call f scalar-valued, otnerwise we call
f vector valued . If n>1, we cal f a function of Several variables,

The graph of function £: w €R"> R is obrained by p\oﬁw'v:ﬂ %), -5 Xn) for each (%, o, %Xn) EW

we want to develop an underctunding of how to plot grapps of funcrions Frut RS R

Keypoint* Build g picture of a graph of f: g° *R e same way we build a picture of g 3p mountoin range usmg o
2D point with confour lings.

™e valuces correspond whhe
heignt of 2.

Pefn: let f: wCR* > @ and ¢ €R. The level curve of value C (s the ser of pomrs (x,y)EW Si, f(xy)=cC.

If f2UusR> R, then the 9roph of £ 15 the same as the surface 2 Fixy)!  so Sometimes we use 2 in place of f(xY)
and say e.q. *Te qraph of z=a*+y*".



¢.9, &reith the guoph of fixy): X*-y*.
Method: ceerch the level curves (“wontgur Imes” correspondmg t = vorious wiiants) then assemble The level curves acordmg
o the values of These consane ((.c, heighte), RYDs

What is the (evel curve of vaue BF° well, Xy 0 & Yy 1A% — ,
4
Rt

Of vaue 17: 2~y > & y= T\

L, & hyperbola through the points  (1,0)
of VAlue U2. oa-yi= Y &> y=tf7my

i, o hyperbola through pomr (#&,0)
oF Wlue 112 Y=Y & w=tly>H “hyper bric parabaloi”, or *sodidlc”

e, o hyperooja Hirough (o0, t1)

b

Note: we can gain a betfer understanding of tne grapn of a functon by looking at whot hoppens when we interSecr It with
tongtante of X and y (Mfcrsum\q witn plones o whstant 7 are precizely the |evel curves, attey proje(nm to tve Xy plane.

eg, fixy)= Kt*jz, if we wneiler the Subtet of the groph where x=0, I.e, the intercecton of e graph With the y2-plane,

we get f(9,9)=-y* (or 2=y*)
Note : Not all Swifaces arices a< tme graphs of Punchions! 4., the sphert x‘+31+%‘-.| cannot be the ﬂmph ot a funciton Since
fuv\cngns cannot loe misttivalueel.

e Two porvts magpig from  (X,y,).
(5
X 7 Y

Pefn: let (:uszy—s}{ and ¢ €ER_ Then the level surface of volde ¢ i rne (et of pomnts (¥ Y, ) i¢ the set of points
Yy 2) € W st fY,2):C
Eg level Surfaces of £7,4,2)= %%ty +2> of VAUSs C* are sphefes With radii of C.
£g.  Describe rme level qurfaces of £ %) = ot +Y4*- 2%
=0 x*4y'-7*:0 &2 %>1W
Wnat happens inthe + (ase! 3(%\4%\!'9(/’*31

\-Z-
- v }\W/ﬂ"
=1
% J _\&T{j»




[ Section 2.2° Limits and Cconinuity|

The continuity and differentiability of multivariable functions. Thece require the notion of a limit, and limits makes ¢ense in open seis.
Open Sef
Defn: the open disc of rodius r, centered at (%, Yo) € R® is the set of points less than distance r from (%o, Yo).

y " N e—he dotred ling, not inciuded Nofe: if we inClude tne outer crtle,

in the epen disC. , . |
wed get a “ciosed dise”.

pefn: Let W CR®, we coll w an'open et” if every point (% Y)W, There exRre an open diXe centered at (%) which is contained
in .

Note: the above defns generalize 1o otner Aimensions, cg. in 49, replace disc with inrecval, and in 30, replace ‘disc” with “pal(”
1n’ruiﬂvaﬂ: a Setis open if it doesnt contain apy poinig on itc boundaries.

Boundary
Defn: A "neighbornod of points (1y) € R® is any open set conraming (%9).

Defn: let w& R’ A point (XY) ER™ 75 a boundary point DF W if Every neighbornopd of (%) wntansa point M w and a
point not (nsidle of w.

Note: a4 boundary point of w need not belong to u.

Limits

In wnat follows , we dendte (X, ... , %) € R" by x (& vector of poinr). Assume n=1,2, orz,

Ler WER" be open. Let F:WCR SR

Tntuitively, " £ hac the [im¥ b e R as X tends to Z," if the boinig FIXY gete Cloter t0 b as the points X ger- tloser 12 x,.

Defn* Suppose that %, is either in w or is a boundary point of w. Let bER. we <oy “f hac the imr be R as ¥ tends fo &,
it for al 7D, there ev@ls §30 S.v. if Zew and 0LUX-% UL E, men [f)-b| CE.

ie, ' f hacthe (imir beR as X tends o x," ¢ we wn get fixy as cote 10 bas we ike WML«'nj A sufficienny close 1o Xo.
Note: & will in genecal, deperd on £.

wWe write ,}L‘;,H'th or f0°b as 7=>%, ,

9l —g %,

um 923 TGCTe)
Note* we do not necesSarity assume tnat %, belongé to W. This is an importani feature, €.9., g'(%)= %% X%

bevse we must mage sure it incorpelates certafn Cascs. noundefmed ar X =% .

¥1f & decreases, then & decreases.



exliler £- RoR, er):zo it x¥o }

I it #co

caim: «ao Fm 0

b
Letr 2?0 u)e want to $nowW thot there exists some & >0 &%, if O<\’x7€\<g then [fHx)-pl<s.
Bur if 0<|X|, then x#2, hence £(x)=0- so o<|x| D [f(My|=0Cé ° o

Henee any value of  £20 actually worké here.

EM(7*+y?
B2 lerf 14 [ £6,07 =R be #my) ~ x2eye
cleim (0(,5)'510,93 Hm) l& )
Fix £>0, show ﬁncr& exicts d>0 &t. it o<l f7f:ld)”<<§ Men lﬁ%(d)"“i
By L'yopirml, ym et (%)

&0
Theretore, tnere exitts &§>0 S,

—|)<£

Withowt (0SS of ger\er,ahh/ 8<), tnusif oc¢ l(wyli<g, then o< ll(w}u"-— 'xﬂgl <§ <§, and hene,
[F(’X,g) 1E }%( <
'tyy taking <=4y i (F)

2
EXZ. (g3 7Y dloes not exict
As we Qpproach  (90) on tihe T-axis (whers y20), our function tukes on the (onstant Value 1.
As we approacn (00) on the  y-axii (where x=0),our function take on tne Covstawr value 0.
Hence, there 15 no lmft at (0,0), beause MK Must necestan’ly be unigue (if they Lxict)
EI(- llm f—(x) b, and

(m F('x) b'), ) "'”fﬂ b] = bL]

Prope(ties of Limirs
iy oy C €0 = c;;vgcm)

ll) liem (F+5)(7C) 'x x, Tl + “';g 9ca)

i) If me( )
. (Fg) 0 = (0% 60 ) (119, g
vy If m=t and A HX)FO, g

15, (7)) e

Continuity

. Lim .
Defn: fet £ UCR">R and Xo W, wesay f is continuous ar x, € w ¥ 2m LX) = %)
Io. for all §70, there exict §>0 st 2-%|[<E D | #@)-R(K)|<E

we Say £ 1 Continuous on w if £ i§ continuous at all poinfs KXo € W, We call € diccontinuous ot % EW IE i+ 1€ ot
Continuous ar 4, .

Froperties

i) £ s (ontinuous) at X, > <f s ot %, forall X€ER

49 cealZ > £+9 cxat A

W) €9 5 ar % > fg tear ..

iv) £ o at X, and f(%X.)F0 = -{2 s at X,

V) Suppose 9 weR"SR and 1 ws AR and glwew (so +4 isderived on n). Tf g 15 cfs at x, & and £ s cre ot
(X)W, Tmen £:9: W SA"2IR ¢ o at K,



Ex: (et £ B*2R be
Foxy) - f%’%{i it (%) #(0,0)
| i (%y) > (20)
Then £is o2, _
X and a"- ATE L1 ; x2tY? are cts,
sin cts D gin(arayr) s
(14) #(00) 3 74 s 1
lii) = sin (C4y2 )X 1y>) 16 e away from (qo)
Firally | because o (0,0) S'V:zi;% =( = £lo0) , we are i at te orign.

Hene, £ is cis on the wnoe of B

2. 4
EXL: E(y,2)* sm(efx 1)“3"‘»«2)1

Whenas s 2 gt ey ek
A t V) X+ ! AT+
X2+ 2Z is s and € it =2 e B = gue™??) s cts

i\ .
5 anie™) “Lyten TR s o overy rod @)



[ Sectipn 2.3: Differentiotion |
Partial Differentiation

; f
If fix,Y) i$ & function of 2. variables, then the partial derivarive of f with respect to (w.r.t.) x, deroted as Qﬁ S
obtaned by ol.PFerenhahng f with regpect To X while k€eping y fixed (treat it as a constant).

e portiol deriotive wr.%. y, dendoted ag ’53 y is obtaned by d: Ffercnrmrmg £ wr.t. Y whilst hreannj % 0.5 Fixed.

Defn: ler w&B" be open and suppose f: WER>R. Let (X, - ,%n) denote the variabies of owr funcrion. Then £or eavn |<i&n

™e partial devivarives of £ wrt X; (aka the partial derivative of £ m e i divection) is the funckion
-—E (HA ‘F('xll o "(. -, X +h‘ . 'X ) ‘f"('Y,, n)
9% 7 Sy - Wsuch a livwit exists

2t 2,
We denote  2%(%e,¥0) the function of % evaluated at the pont (%,lrjp\.

Differentiability
It 1< pogciple for the parh'w derivaives of o funcHoOn 1 exist o o pomt , but For the functhdn not 1o wﬁsﬁy OUY (nfuitive notion
of bemg "diﬁaenﬁable" at thar point. (1i€e near irs end)
Inctead, we defme a funckon £ W SRS R 1 be differentiavle a1 (%o, ¥o) & U [
28 9y .
i) o7, Sy ST ar (%, Y,) ond
ii) e tangent plane ot (Xa,yo) Provides a eood approximotion f £ near (X»,92), in the Sense that
2 of
FIXM)-F(X5,40) = 556%,540)!7%)-% (%0,40) (Y- Yo) (
20 oS (x,y)=>(%xy Ao X)
LY )-(%eYo) I , &( 19) (%, 90)
Notation, we will wrire DfiXpYp) for the row matriy ( '5%((%,‘@) 930‘0/%)_)
S0, (%) becomes £(X,Y)-#(%,Yo) -DF (%1,Y5) (5 50)
20 pe (my) S (% Ys)
Il &x-y)-(%s1Yo)

More genernlly, if eaoh component fUNKATON € ,n, £ OF £ USRS =" has patal derivatives wstng ar % W,
we devive the mxn matrix De(X.)

25 (=) %‘:(m SR R we call this the...
¢ derivative of  ar %o, or
- i_;(&) ;f‘:- “’) ;_7{(1:[2") '(i; differentio of{{ ot fi: or
p (i) Hhe marix of purtial deriuntives of £ at %o
fo" (To) a—x,, 8wy - (%) W) fhe Tocodian ot £ at Ao .

we then devive £ w SR> R™ 1D bediffable at %X, 6w if

i) the partiil derivanve of each component &, ,---Fn existtar X, and:

i) 1im [Fe0) - (X)) - D (%) (X-%) || )
XX, 1% = %o\l = 0.

of
TheOrem * if 1wt R">R"™ nas partial derivatives  2f; , dll ekisting at A, and

and these partial derivatives are confinubus In the nelghbornpod of Zo | then+ 1s differentabie at 7, .



2) 3521-”2? VAL (W P

c(e™ 1y, v C ) /
ay)= (€% 0y, ) » M W Thede pumeliond olfgerentinéte

. Ly Zhony) e e wery where? ar-a port
237 % ng) Koy | = [ - Real* if partisf aerivonves 6xiss, and
- . 0 g 1hey are Conmmudus in the negntorived
(0 SR of That pant, then farcrron ic Aifble.
[/
3/ Gong back 19 #{1y)=x Y "2 A WeE (an Sce THaf thece entries are Nor ONMUOUS a* e ongin.
L, -3

)= (3 59" )

Thm® Let £* ws B"2R™ be difvie ar %, eu, then f IS (zat Z,.
Note® gxistence of partia( dervatives at %€ 1< ot swificient v (nfinuity at that pont .

Te £:usR >0 (ssalnr valued, so that DF(T)> (2@ 5.0)) tu1en o matric, Ue derive the.
afml'cni‘ of + at % "‘ﬂf
5
VAL = (5 Be) 5 S (m) )

eq, TR Frya): e zsin(ry)
25 = ye ey acosixny)

2£ . %™ x20s1%Y)

;ﬁ - sy Hence, VR (xy,3) =(Ye™ +yzeesiay) i+ (e wsiyy))j
- +EMxY) £



[Section 2.4 Paths and curves]

I
pefn: A patn i R isa wmap o la0] SROM™ We can the ger of ponit S(td the “cwrve Paramerrivized by g'
and ((A), £(0) are tne end points of tne curve.
= R}

-
13 1
o- b

€ (b)
¢ Ly

Since o parh is a ve(ror valued funcrfon, we can write q parh c:layp] = R" @ components  (C,0tY, - ,C i)

Think of C(t) @S bging the pon fraceol eut by a parnicle ovey Hime wirm + a¢ the Hme vanabie,

T+¢ reasonable o call c'(t)° nSp

This I¢ the VeloCity Vedtor of ¢ at time ¢ (Auming C ie ditfble).

Lltrh)-2cle) , lvvhy—clt) . o Calttn) - Cly) . |
" B e R e v A LA RPN Y

Tf 4ne vechir c't) i drawn with its fan ar c(t), then it 1K tangent o tne curve ar L@ qucmmmg that cl(t)#0,
m whith cace the particle has momentinly Stopped.

' c(b
clt) (0 Tn particular, e directton of ¢'(1) gives tne instantoneous difection of frawvel at timet.

) Aiso: we gee that tne tangeni line 10 the curve at Clt,) @ L(t)s £lto) T C 1)t~ o)

¢la)



[Cection 2.5 Properties of Derivariveg|
Yy i FusRNSR™ ic diffble ot X, and CE R, then W(A):= c£(X) i< diffble at X, With Dncx,) cb;t?t‘,)
i i fig: we®">R"™ are diffble ar 7?,,, then R(Z)~ £(X)*g(%) is d.rfme or Xo with Dh['x.,) z Dc(x,,) Dgcx,).
1.
i) if £g° mctﬁ >R are difble at 7(,,, then W(R)= (%) BE(N) * Pﬂu)) D@Lk) AT AN D7)
) if 9 uck <A™ are diftble at 7,,, and 3%)#0, then WX)=-g> 9%y '8 diffble at T withia Bh("? ) 32"

Chain Rule
Recall the 1D chQin rulg ¢ if z=F£\3) ond y=g£7r), we tn View 2 either os g function of y (Z=Hg)) or Os a function
o{ x (2* f(g('x)) The chain ruie relate Tne derivatfve of = with vespettto X and with respect o Y

E - dy a5 00 Hixy - £1(400))9'%)

Tn Multivariable
Tneovem: ey ucR" and vER™ be open ser, |of\g‘u<a“->m” and £:vepmsp
Suppose  glw)2y (sb tne composition Mappmg OFfj FUSRTOR™ g well dccmcd) éuppoqe g is diftble at Xptu ond fis
oiffple ar g(x) eV. ™en .0 i diffbe ar L& wir wwa) E@@Dﬁ,{lﬁ,
Example : PxnmatmX  pxm wmafrix men matny
suppose £:R}SR is diffble and <:R-SR® < a diffble patn. Tin components:

c(ey: (aery, yee), 2te) )-
ler k= feC: B>R, then, tne D(foc) is just going t bt a number (i.e, & I X1 matrix).
Ten W)= £(el)) = £, (o), 2)

e Mty 2
Satisties &g (to) > 5% (Fo0)(t)

“ 7D (fo0)ts)
S
(S ~— " I_)_r(g(to))og(tu) 2%
¢ 7t (to)
= {%(l{'to) % (g_(to)) %(Q(QD> %('tﬂ (*\
Z )
% 0

>F 2% =
: Se) Slto) + 5y () ity) + BE (et EE (o)

. oh _ 28ax  ofgy 2 22
or just ot - X 2t © 9:99-;*97—’9&

Note: We Could o0 wiite (¥) as  VF(Clty) * C(to)
vectors
Example 2
suppose =4, v,w): R*>R
g=90x 2 T (WY D) VXN, Wi Y

DUM;&L\N £ 3 60 that h PR with Wy T)f (UIny, 2y, v(xlg(%),wnlq(%»

2% rx‘)) 9:9 (1(03 3% [(Xo) D nC%o ) —[_) 'F g) 10)
= DL (1)) DYCTs)
24 24U
Now ) Da4(%) = 97( 8y 2%
=30 2y v AL x )
o7 29 o [LLo
W ogw 2w
X X 2%

DF([.) - (L;,& = 555 (4%

2
heresine = 54 B+

a i
HONEEIESCINIE I -

aw 2w
_ Ko 2t ov  of sw = % 5 of Su
T [ 2weX TV 3x* 5w 5% \ s w1 9 Ful§20)) Sxlm)
of gu Wof o W ot .
way BV %ﬁ B9 | Sganmnl 4 ﬁ/[’}(ﬁoﬁ) 7y (%)

o
%\FN% 29%% gﬁa% == (olumn *m(ﬂﬂo))%('}-o)



2 26 U 2% BV € 2w 2n . 2h
7%~ 2% 2% v X Y oW o 2y .

ex: HuVwywlewy?®
3&.3)%3:(%%,5‘"1?0/\79
Lot h=£23 Lo, W(xyQY £z, ¢ bsin)
were gog 1o Compute B% a8 o fuvorir N Foms o YD
1) wing e chain mle
W) olirett(y. .
i) we hove Gy (WI%Y3))VINY, %), WXy 2))

"t’@ﬁ on o pu 2F 5y o Sw
v=e ° “on gy'aTA At 3 3% T 5w BF
W= SNX §$=é3w‘)lm)+l>wvu0)fV‘Lcm)

= 3(ayz)yz+ () cosy
W v T 3R e ek

1 mxye): £y, el sinx)
f=ud+uvt
- 340 Y4t
£= gyt sinx)(e )
o = Py gnke N® same

o 3,ya|03%?+ oy g Y A—— resuli.

EXﬂMPIe 3 \;‘F,(‘AN,W) \['FzUMWW)
”WVM): (M."WI\AfV-tW) ‘ [R}grp\l
9y = (594l 29sax) 1oy ) PEY

hen let =44 B2 RY, g0 Dl * Df (4(%0)) DEIXS)
Suppoe Ay =1%o, Y0)

D%y ;19,1 g—g\ COINALE €ath

o o | clementara, = [ oy, 0

9%& 59; (%) Aysinbxy - 20s0R) (1,)

933 ?93 —72%e i __7_1!3 -

% 9—3\ (4y2) (Y,
Delgen)) = [ Zh 28 24 < [ 2uw o

u: > (4% (X)

2% 2% o (4eLY)

own av Y

I
3(%.\‘ (57(01'('[: ZSDCDS{Z')(,), HXD\*W“")
o ( . . . )

= )=

& (s, +1)
\'\"Xb—t*db-‘

| ! ]
) K7 ile, %05 Vouues.
Therefire, whatis Dw(uy T

0 (52rtD’

| o 0 o
Pty _ o
401) gin(2) aws(21)) _ | -usin2 2ws2
-201) -201) T\ -2 2 <
(O ) (+(Ox ) q a

Mulhply Matrix
Merepore,
M(guu))= (1&%:‘_} o ksﬂ)l) _ (q o W > Dh(,\,l):[)[9035“1()=£+(ﬂ£l,0)£5[),l)

I l | 0 b © 30 -8
:1;{‘3'@ ~45im 241N\ ~ + /
2 2 ¥ ey 2w
A 9 .



[section 2.0 Gradients and Directional Derivatives|

HA+ Y Y —FUN)

Defn: (e f° R*> R, e directiona derivative of § at the pomt X in fhe divection of a unit vectov v s tll_)wg ©

2
( x
of epuivaientty 5t E(X1iy)|

hm: I RPSR (s diffable, then all ditecnvnal devivairves eX(St, amat the direcional devfvanive a & in the ditechpn of A
WNiF veeror W=qy,, Y,y V> is D F(x)IV)
I m §X\ Mattiy

6,V @) vi%(ﬂ) +V3 3 (a) )
Note: 1f You WONt the diretrtondl unir vectsr i the divection ot & Non-upit vectdr, you first need to novmauze e vector betore
apply(ng any of (X)
Proot: 5
Df “enam rute ! Ler C(t): Z+t¥ [ g0 fx4T¥Y= F(CV) . Then we Know >t fle) tr:owcc_w)- '),

tvawate gt tc0 0% )=V

Hece, 55 #et0)|, | = V- X

hust suppose (1) #2 . then the vector  wf(Z) pointsin Me difection in which ¢ 15 (nereasing tne fasrest at X



Chapter 3:  Higher Orler Derivatives  MAAha gnd. minima,

z

7
‘ . o
/ Graph of ' Graph of £

Local minimum TLocal maximum

() (b)

[Section 3.1 1terated Partial Derivatives |

of
Suppose  Fxfixy): 4c@*->R ond suppote %‘% B §§ exist, since %’% are, themeelves functions, we can toke twmelr derivative

=) L 25t

9_;t, =X [ EXS )

23£ é_. S‘F U - 3 It
ayox = oy ('2’7&) & exampie of a - mixed partal devivative
2f - 2_(2f
ng T 9%ty )

T £ e "sv#tcrenﬁy Jmooth! we can repeat +his prcess and obtain 'iterated partal gevivotive®
An Iterahve pavemn devivotive of-function f-is omy partiol devivative of + of 2" ocder or wigher,

It 1§ no comederce oy

2 2%

%Y - 9327:
Theorem® suppose £ : B** R Nas wnimuouns partial detivaties and ifs Second ovoler partiol olerivatives are agp O nHAUOUS.
Then, 22£  2%F

97‘9\3 = 932“ .

DefiNition : T¢ parHal demuatives of £ exst and are Contmuous, we ¢ay "4 ¢ of class ¢'? and wrae fe&C!
If fec' and (s parfol deriyaives exBrand are conHnwous, we wyire fe&c?

2>f
NO"& RCC&\( 'P = 5_“; QM -p 9.:1

U‘z) 93 (91) . 92x
4 = (o) 2 = (85)° ;23

weé write '



|[Section 3.2: Taylors Theorem|

The tangent plane 1o a graph @ o point giveS the pest [inear approximation o the oovrespondmj {function ot that point.

Taylor thedrem ines a V\igher order exxention of approximaron. For example, 2" order fay(oy approximation of a funcrion

at that point will give & quadvaric approxmation o the function near that point. 37 prders cupic approximatton.

Recal in 1D, if f:R>R (s gmooth, £ 1oy
FXoth) 7 £Re) * £ (o) * FE (XYMt * ot T (R Rl n) (%)

) N X,
where Ry (%, ) is an “error term” sansfying 23 ‘—Kk(nf W .o

AS >0, Re(Xph) 9o€s 10 D quickey tran W D,
Coll (¥) the K'th order Taylor expansion of £ at X,.

The first order Taylot expangion comes from tne desinirion of being ditferentiabie.
If F is differentiable, vecall
UW\ 'F(Z) "F(,?_(o)—' P{[?—(a\{l‘?&o\
xS3X, [ - %))

Equivaiennly, by ftaking X=X, *th,

im  F ) - (%) - DF(Xo W _ 4
Linde -

e

or cqualem'l\,,

FlXoth)= £(%,)* DfCX, ) + R (+h)

where (N e =0

Hence we have:
thm' ter £:W SR SR ve dittable at x, Then,

FlEh) > FlRo)+ BF(Zo)k + R (% ) **)
. Ri(Xo, h)
m __~=20,T7

whete ) i -

We can oo write (X% (\'i o h, 7, mn))
Fiaw) = £0%) + 2 W BT+ RUXeth)

VE(%p)- I

Aiso have tue 2™ order Taylor expoysion of a ¢* function.

kS

Theovem' (et § €C" at Z,.apwn . R
F(Xo+h)s #(2,)* Zh 55 (%) * 22 ik (%) * RylX, h) (x¥)
o Falh) i ' W ‘

T

In matrix foorn, 1 We wire
V(00 = Els 22 S'#

ox, 0%, Ixex, ' oxIA. we call VE(X,) the “Hessian” matrix of £ at %, andif we
22t o2 ... oY also derive the Heslan @MMch form of £t T,

KoM omIT oMo (%) HEm): RPSR by .

2}”& i’i | _L’L He(Zo)l0)™ 3:-(&,) -, 1«;3#\7"{@0) (;W)

%%, OFa?X,, 2%Xn2n, = 2@2}[ M;h\jgﬁe}s(:ﬁ),

We can write (¥X3%k) as
FX, en) > (Bo)+ VE(Zo) « i+ Hy (£)(1) +2, (%0, n)



Example: Find tne 2""orc(er Towlor expancion of  £(x,Yy) SSN(P43Y) @l o 2(0)0)
#0,0) = &iN(0+0) = O .
5= o ws(A*+34) 27 (0,0)= O

%ﬁ: 6(,%(,7‘14'9\\0) %E@,OJ: 3 ws (0) =3

b—z—z = -axa'n(xu&}p () + 908 (X ‘H,ﬂ) %}faw,og =z pra=2
T —3aM( V> t) 3) = -9am(2>439) 2 lo0) =0
o1 = -354n(7[1f3$)(;x): @Y oy (90)=0.

2L 2E
Flxt)= £+ EM: %fl) *Ji.%“i N;,mj(m 1Ry
— = —
FLWOD) () O (WIO)+(1y)(3) {[h.h.ll) + M (0) 4oy C0)+ V\athOJjai(?h/f) =t

Therefure, 5 7o)
Fln)= 3ho+ AU v e, (%, 1)



|$e&ﬁan 7.3: Finding exfrema of real-valued +functiong |

O o we want to determine the poinrs X,

pefnition: £: USR" > R we call X, €U a local minimum (resp. ocal minimum) of £ if there exists a neighborndod \/
of X, &t.°
£y (%) for all A €V (resp. £2) <) v all 2EV))
Tor > to gind the "girict " local mmimum.
Tf %o EW 18 gither a (ockl minimum or [ocal mokimum, we call Xp a (0@l eXTreMA or relative extremq. This means
%, (€ N0t Of MAX MM Gvaily | jucr WITIN fihe OIS,

we Gl %o €W & crrcod pointof £ it eitner + 1s nov diffble at %, or DFf (X,)=0, i.¢, fi“;; (Zo)*0 foc al i,
VFU_(O)-"Q,

Note: For us. funCrios will almasr awnys be dibble, S0 being asked v find the critical pont weans finding

%o SV, D&(X,)=0.

theorem s T¢ u<eg” (open suoset), £1USBSE g dittble. and Yy W a local extremum, then D £(%,)=0
li-e.” %15 0 crirical point ) -
Poof, guppose X, U 15 o local wmaximum, £ince W K open. if h €R” and t €M 1s Super small. Hen x,+th €l too.
Detve gih by 41)> H{Eo ) %3%“@1’"“"
TS has a (ocal makimam at t=D (sinee + has a local moximum at %, ), nence from
1Y cale, we now ﬁ‘(o)io. But
0>901= D4(o) . ()
éine  n€ R wag arbitrary, CF can only hod o all W i PLY)=0
T Xons A local minimumy, proof is analogons.
Note ¢
This theotem does nok €y that it DF(Z)=0, tnents s an extrema (because of mﬁecﬁon/,mmrng poinis ) or sadgle pomtsd.
[% H'lo)=_O_ % % i an ¢xtremum. Conld bea  Soddle pamis (Ue define X, v be agaddle pom+ of £ it
PH AN but X, 18 nor a [ocal exrfcnum..) )

Sometimec we Can deteimine the «ype of critia| Point by exavminaion .

Summary

Let f:uc®"=> @R . Recall’
%o €W a local min f £Lx)> €(X) near Xo
Xo€u a lpcal max if £(2)< (%) neav X,
Ko €W a local extrepaum 1§ (oCAl pwax oC Min.

Xp€k o critical point (cP) ¥ DHX) =D (oy i£ £ ts not Siffable ar %)



CP # (ocal extremum:
flt,y) = 7(‘-5"
Df(XY) = (2% ~24) = (0,0) & X=y=0
So the only CP is at (9,0, where f(o,0) =0. But ¥ cannot have 4 local extrema at [0,0), stnce £(x,0) >0
for 7#0, ang F(0,4)<0 for Y*O. s0 in particutar, f tares vales 7f00) and <fwop) afbiftariy
close 1o (90), So (0,0) i§ & faddic pomt.

Example: Find € clasciby cb of £XY> =AY fg”
Ang: JE')JLT: 3&‘7[“’3 %&“ 357@““&3?
:ol S eithee ¥ =0 o Y20
I# 970, then g‘gio S Y
T+ Y20, then 2§20 & =0
&o, (p,0) 1k the pay (P for f and $(go0)=0.
Note: f (0,4} 70 ¢o6 y >0
On fhe orher hoand (er n€
P, )= sm) (i)« Y )
= ()N (Y =T« = <o
So £ toke values >Fo0) (=0) and < 4£(50od (F0) Atlﬂ'h'ar{)\f Close o ouc CP(0,0). Hene (8,0) snddie.
Note: P need nor be “isoloted poinis"
lct FAy) = 9[77"“3 2)6’7‘2“32 ‘ Mw( s C-
28 = yy(e Y a7y ) :
557 e Y (g
Then (’Z'ﬁ:/ '5??):@)0) &> eitner 1-x Y20 (e, x*ty? = ).

Extema through Hestian
Recall from 10:
70 D X, 16 @ local minjmum
N0 2 %, 16 0 lotl momum
“HiN=0 = % cowid e a min, max, or inFlection point.

. n 1 2
Recall Hhat the hessian quacratic form of £ ar X, HF(X YRR, 16 Hp(%o)(h) = 2 (hhaDVF(X,) (

15 24 ;
222, gmor; (X ik

h

i)

Defn: we Soy that +he hession of § ar X 1§ positive definire (resp,negaﬁve dekinite) if
Hpl%o)(R) >0 (regp 20) for all h20 |

2 Derivalive Test for Local Extremq

Thm: let FWSR" =R be ¢ suppose X, €U i€ a CPof 4 (ie. Rf(%)=0)
T TE VE(Y,) (S posivive definite, Xo is a (SHict) locot Minimum.
CIP P (Bo) IS Megmbive olefinite, %o K o (STiLK) (0CL maximum,

How do we derorming if V(o) 15 pasitive of negatve definite or neirner?
Simple exaumple:  Crn)= APyt E =K 20
vmx.w:( ‘ )
(A

o

2 © h, 1 2h )
e, g () = B[ 5 2) () = 3 U ) (20 5 p 2 imt 20 1§ m#O

Eampe 2 £(7,1)7 x>~y > \ Lo . LK—\(,om be eirnov pasirive o negutive
VHO Y= [ 07/) Hes 3 [ hL\(_ ° —z)(.,.;) T hmhy  far w#2 fo Saddie Paine.
0 -



Determine sign of Hesiay) marrix

Let §: ULC@ >R bech w open
D IF g 2L (,4) 70

2% a’lt— 1\
i) 9%‘ > (*3‘9) 70 ar (%, 40)
Then, (%o, Yo is positive definite. In particui@r, (£ (X5Ys) (s a CP(ie, %ﬁ“‘wﬂo} ag (?TwueJ o) and i) and \D

hold, rmen [%,,Y0) 1§ & local mivimum for £

2 " (%o, )40
) If @) 9';(1 ,_f;s‘F
iv) b= 911931'(%4) 20 ot (%, 4¢)
Then, v 1‘1%,\303 1$ nagahvedef-nmre,, In particular, it (%o,4o) is a CP and i) and iy hold, then (x,,Y0)= loca\ max.
3) x¢ (Kp W2y 8 4 P for £, but DLD, then ('Xg,lﬁg) i$ 0 Saddle point.

4) If b-0, then test [& iNCONCIUSIVE,

Finding Exfrema with Determinants

Theorem: let §: WSR2 pe ¢, w open and:
oM 31{: 9"{'
VE ] S ooy s
2% 2 2%
X Y Yot
2% o4
owx WY 2T

1) T+ the 3 diogonal suomatrices have the defermant ar (%o,Yo,2o), then Tf (%o, 20) IS pOSitive dlefinite . (Hence, it
(%o Yor2o) 16 actually a critical point, ten it is a (ocal pminimuny of f.

2)If the 3 dingonal submatriteS have oeterminants altemately -, +,-, then the Vlf(m’/%/%a) ("hessian) s
NeYaEve definite.  Hence, if (%o,4o,20) s @ CP, tven it 1s a loca maxof f.

3) It tne deteiminant of v’,c cx,,,ﬂ, )%0) 1§ non-zero, but the hessian is neitner positive nor negittive definite, then i+
(%o,Yp,20) & & CP, it is & Sadldle point

) I the desenminan of L (%o, Y020 15 D, Tnconciusive.



|3-l-l=wnsframed extrema and lagrange mu,lﬁ‘pﬁersl

Finding extremas Sugject to constraints,

we've already seen an example of constrained optimization when lookng for global extrema on the closed unit dicc of the
function £(x,4)= x*+y* -x -y *|

when finding the extrema of f on the boundary circle, we were finding the critical pomnTs of f—(-x,u)”swvje(.f o the consrraint
x2tyr= ",

tne Language Multipier Method
In what follows, if £:usR™ = R and Scu, we wrte £|g o mean tne restrickion of + to ¢ (i.e. we only congider + 4s

a function of $.

Languange Maltipier Theorem, LMT * <uppose f:uR*> R, and 9 UCR®> R are c. Fix C&R and ler Scu be the
level curve 0103 of value ¢ (i-e. the set of points (xy)eu &4 3(1,5)=C)

Then €], ("¢ consrricred 7o s'') has a [ocal max or local min at X, &8, and if Vj(ﬂ_{p)#t), tren there exists

A ER (possibly D) S.t. Vflzo):AVj(m) //

Therefore : |t we want to minimize or maximize T(%y4) sugject tosome constraint §(xy)=c, we shou(d ook for points %, S-t.
VA(X,)= AV4(%,)
for some A ER K{F this 1s q funtom of Z variables, tven 4nis has 2 C?L(QHO/LC inside. & ttal wirh j[?r,g):c_
anol 3 upknowns : %, Y, , A
Note * 14 both £,9° wCRISR, then the same stotement holdls wneh we replace *leve curve wir" leve) Surface

Ex:let £(xy)=%x'-Y* and let- S pe the unlif Circe centered at (o0,0) Find the extrema of ¢,
Ans:let g(my)=xP«y® Then ¢ 15 the (evel curve of g of value 1.

VE(xy): (2%, - 2y4)

Vgxy): (27, 294) #<0,0> 18 (%Y)#K0,0%-

Hence LMT = at an extrenum (%, yo), Thefe exists L& R s.t. 2%,,-242) = L {2%, 2Yo)

i.e. we have 3 equations

=AM @ D> N\=71 or X%=0.Tf A=(, Then @ :>\'1:OJ Hen ® x% = %I,
7/;‘41)’:'/12&. ® Tf %, 20, then RE) Sv:_t[‘
9(01301;| ®

So the enly ontenders for constrained extrema are (11,0) and (v, 11).
FL0)= 1 fEGo)= 1, flop) ==ty £lo,-1) =-1,
™erefare, (21,0) are constraimed wmaxime and  (9,11) ore constamed ynininio.

Ex2: Find max and wmin of f0y)=+Y*-X-Y=1 on the cloted unit oic.
Ars: the only cP in tne open unit dice is (%)= (Z,%). To Hnd the cP of F lunit sircie > ST 9LAY)= X2 2y? ) ¢ =1 andt we
look for (xpcyo) 5. (3(_7(1\4)#0 becavse lr;(,:j),t(o,o>>

THTY) A 8G(NY) Forsome AE R,

le. (2%, 2Yo~1) = A (2%p, 245 )

ie. 2%-1=Nt% O O %(2-22)=]  Clewly from® we coant have A=l Apd by @ we cannot have both
291=00 @ @ -2y, =1 Asypio. , e
7(34(%1\_;' @ Then % 2 XST e "{thp?- any CP catistymg % must caticty fnis .
Licewire, (£ Yo#0, thon %%3%2'7 e X Yo
%=y B3 2% =l o T2 &
Theretie e contendorc 1o OP of |uwir cigle  Are (ﬁi(% and [-'V—f, 15)
R - % A %9



Functions o 3 varipbles

VA(Z,) = AVg(%0). (%)

Note: Just because A, %, satisfies (%) does not-wmean Zo is a local extremum for €le  (could be o saddie point ) .

In the cose that s is closed and bounded: we know that flg attuins a global min # global mak dt some points. Therefore ,

at least one of e Solutions 1o (X) givesa 3lobm min of £ls and at 1east one colution 1o (R) gives a globarl max for s,

when § is closed and bounded.

Example mAkivize andl Minimize  £(xy,2)= K2+y.  Subjectto XtyHE =
Ans: gAYy ¥): Xyt =i,

VE(xy el <21, 1,0)

Tglxy,2)= {2%429,2¢)

and nence were (ooking T fvdl (XY, Z0) 5%

2%= 20X @ ® > A0 or 2p=0
I = mg @ @ > AL#0
0=27% © hente @,@=> 2=0.

B @ g0 09y @
©> N=lof % =0
TEAZL, B Yoo 2 S © wosi’;:
If %0, ten O Yp=1I
contengders Are C%f, L o) anm (0,%(,0).
FHBR 200 % £loip)=t 49,002
So s atfains a qlbal max as poth (25 £,0) and & lobal min at (0,71,0)

ﬁ

Not covered in thil cource
2" derivative test for constramed  extrema.  (Vborderegl hetsion)
* Fmplicct fumstion Theorem  Lwhen can we-View 4 cupcace (otlly  né the ﬂf"‘}’” of-a Fane o )




[chapter &: vector valued Functions]
From paths c: [@,b]sR—>R" +p vector fields F:A<R"- R"

[Section 4.1 Aceleration & Newtons 24 Low)
V@\Odﬂ

Recall: A patnin R" i a map &:[a,b) SRHR" lor < RSR").

IF ceb)= <ALy, .-, Xp (L)) then iy denvptive i< the vector cllt) =da'(es, ..., X\ (t)).

Think of a path as the +rzyec+vry of @ parficle, where t=time, C(1)*position vecfor of a particie, ¢'(t) is the veloyty vedoy
of the parricte. e ¢(b)

Somettmes we may write U (or v(t)) ingtead of c'(t). note: c'lt) (assuming #0) ig Tangent

L(a) o the path at c(tf.
We call S=IY@IN =[Sl the ¢peed of the particle at hme b.
We nave & dot product rwle for paths.
ad% (b)-crt))= bty +cett)- blt)clets.
Cr0% product T for parns in R3:
F(btyxc (0): b'lt)xect) « bit) xe'cty.
Also recall
:‘Tt (_C(‘)f”)) = 4/t (gt 1) (chaimn rue)

Prop: suppose  ©: [, w]=0" st e [leitd(] ic constane. (aways a constant distance from the origim 5o mustbe

a circle). (bmen LUt is alwaye ortnyonal fo the vedss <(t). (qssmm’mg c\(t) #0)
L(b)

°‘(‘§) Poot: (et Il consrants () cit)= 1LV (T = A constaut.
= <
c@ o, 0= IE(CY-clt))= cltyelt) teee)c'(4) = ag)'ce).

Hewe c(t) and clit) are o(ﬂ%omﬁ_ //

Smooriness

Unlike graphs of diffable scalar-valued functions, images of ditfable pams may not (00E Smooth.
g, cu)= (t-sint, 1- cost?
common feature ar these wmers (when t=2nt for n=o, 1,2.-.), then c'(2nrn)={o,0y

since €' (td: {I1-wst, sint)
o Y

Theretore ot these points, +he tangent line t0 e path & not well-defined.
with the partice interpretation, tne particle has ¢owed o a rest at these pPoves,

Defn:a diffable path ¢ is caled treguar” ot to if c'(1.)#0,
If city#o ¥t (foraliof t), we all € a regwiar path, ‘A requiar potfh will always lopk Smooth y

Acceleration

Ler () =LA, (1), -, Xp(t) 7 be twice differentiable. Then c'(t)=<%,' (1), , Xulb)) 15 the Vetocity vectnr, and
Qt)=ct) = LAY o, XN VY 06 the accelerohion VELHDY.



Ex: suppose thai O particie in m’ has acgleration aft)=Lo,0,~1) i TF L(0):40,0,17 pnd C'0)2L(, 1,05, then when and
Where does Hhe particle Wi the plane t=0 2 what parh i€ traced out by the prticted
(0): (0,0)1) ket €)= KXLY), Y(t), =T bethe parh of our particie
¢ =L, we hae () (0,0, -y = '), y'w), Zu@).
Hence ‘Gt = constant (co)

ylt) = wnstan  (c2)
" yex Z'(t) = -t + Congrant-(c3)

Bur, *x‘gg):r, g]‘(g) =1, a‘be) =0
=l Gyl ;=0

tr

e, xW)=1, yud)=i, 2'(r)=

e CUt)= Lg,-ty

bo, XDt d, YRItTdy, 2lt)> 72>+

Qut; Yloy=0 > 4,0 yloy=e => Ay =0 2lo) =l = A3z

Hence L(t)={t,t, I- 212)

[-25%=0 with 122, i, the partice hifs twe plane 20 at Hme v:VZ, ar (VEV5,0).

we hwe for all t20 that L =Y. (=t) 7 hence e particie 15 constrainedt to +ne plane r3y. Morevser, in this plane,
Z(t)= |- 2tz /-3X(t) e z=2|-3 7’ Hene we nave ow paraboljc equarion.

Newtorls 2% Lowy

Suppose a particle i< traveling along a path C in £’ under the influente vf o force F. Tf the mase of the parfice 5 m, Hien its
acteteration vector (alt)) €artsties El(elt))=mMalt) (e Blat)>m ity ¥

Extended exampt [epers Law).

Suppose tne sun s of mass M, centered ar the origin In 2% Then newtors (aw of gravmtm states that a planet of massm at

position vector L experignces a farce of _6,&42'“ T where r=(cN

Kepioys Low?  the Square of the orbital period of the cirewlar o7kt avound the sun ic propo(tional fo the cube of ting rodivs
of the orbit

Provt = suppost plangt of mass M Moves at a constant Speed 6 in the XY plane at rwdis , From tnesun.

Then, rt)s(rocos(wt), To¢in(Wt) wnere w ic to be detemined.

we have t(t) = 4= rywein(wt), r,weoslwt)) but blc rees]l =5 we pnow that s¥=(-1, wsidwt)) + (fow cos(wt)) "

*tw?(smbt + e’ wt ) = v w?
(S

Sp w: F'; o . g \!(’ﬂ
Herce r(t) = {teos (), rosm(%i)F + %o o
2T
we cudl v e frequem{ of e orbit, where W= T [ T is the Hme pericel of tue ofbit.
Henct 52 N s " 42
awr'to: (7 wd &), 7 anl®)y = 7orw) 0
~ GIAm ) M
Vewfon & maft)>  p3 L) i alt): 3 Lt) [’Fﬁf)
Bqua (K ang () we gee
“Z.Z?, . ﬂrﬁ) e $% _.-6M > 3/- 2
ra2rit): n? - ':DT,\* n? ’ T Uty “—2
fnz ence, oM

2



[Section 4.2 : Arc Length]

For a ¢' path, C(t): (XY, yct)) for € €[a,b], you saw that the length of ¢ was

b
Lie)=Ja | () + () sy = JoV o vy e = §S el at

Ls {x'08), 'ty )
e.qd. t(t)= <cost, sinty for t€fo,em)
then C'(t) = <-sint, sty
Theretore, L(L)= J;‘L ‘/(-smt)‘f (ostd ot = I;R\! Sin*e ~tos*t dt = amoH = 2w,

[t}

In lugher dimensions, the length of a c' parh ccty (fFor €€ [a,b]) is
v
Ly = dallceayay

b
e if St (ALY), v, XnCHY) then ,_(csaL‘/h{m)‘ o Hxe)t dt
eg. )= (wwt, sing, t) for oétewm
then C'(%) = (;smt, Wst; %)

T
Hene, LL)= fgt\j(_—smt)iq«(cost)lﬂ dat = fo \Zdt = Zn

Sometimes, in+egras wont be wice.
e.q L(t)(cost, ¢int, t*) for OLt42R hen  C'tb)=< =gint, cost, LT3
nene, Lo = o baimt) 4 oy (200t at oVt perat = 2[5 T A
we (an apply tne formulas
3 (t\grear +a*og b+ Vr~ar)) +e
Therefote
L) =2 3[4\ (hy (VL)L%(Hmﬂf

Teni+g ¢ if—(ojﬁn*'\/ﬂ«’*‘/‘f) -lJFIo?Ué) 210.03

Sometimes we wani 1o Compure lengths of parhs that are nob C' everywhere, €.9.
—As long we can gplit the parh into "¢’ pieces” then we can compure the lengtns of these individual pieces and add 1ogether +he reguits.
-we refer o these curves as being “piecewrce ¢'" or as "piecewite gmooth"
HOE {(t/“) por oLte|
(t,2t) fov leter
clearly, ¢ £c' since ue hawy o comer at t=1. Bur the curg ic piecewise ¢' and we can Compure its length’
For 0LLEl, elt) =<I,2t)
For 15141, dit)=41,-1p ’ 9 [ ,
S0 the length of our curve (Curve is an Image of tie path is IDVI T4t *f: V2. dt = fthw 2 = &ﬂ/t“fc'/zmt tfz
=23 [’c\/ml + (v;)’loj(ri—m)]é tL 7289




Section 4.3 Vector Field |

befinition : A vecror fietd on a subset A< isa map
E:ALR" - R"

(When n=2, we refer to a “vecror fied " in the plane)

80: a vettor field assigng fo each point X in it domain A a vector E(x). We can picture o vector feld by afmwmg +p each goint
XEA an arrow corresponding to ine vector E(X)

/E‘D/ﬂ':‘l_j}
Y

x. eq.
— the velocity vettor field of a fluid

—the gravitational field around a mass -
- the eleLmc field around a tharge

Nore : veLtor fields are extremely important in physics, e,nﬂrn(,ermg ¢tc., where often Eix) represents a physical vector gquantiry
associared wih a pogition X

Gradient vecror field

of 2f
Recall that it £:ACR"> R, then for X eR", 7(X) i¢ the vector S 2% (2) .. 5, (2))
U
Hence the moap Tf: A: rg"-sn_" mappmﬂ X to Uf(X) ¢ avector field called the gradient vecrr field “of £

Not all vectoy flelds arice as tne gradient of <ome smooty function e.g.

Ex: BIXYF (\j,—’x). There 18 np function @02 S.t. vE(%y)*® ELX,\J)

Proof : guppuse fov G contradittion thatr such a function £ exisss. then
of 2 () - 2, 0 2 _
Py, Sy ) = 9f(ny)=K9,-72r e By, Fyi-%
- 2f
Differentiate (@ wrt Y we gee Swy=l (k)
2

26
bi#fcreniate @ wrt X, we §ee 890y = #x)

Rewmemibtr, 1€ €15 a smoorh Functign, its mixed partial derivanves wil ve equal
V\d

() and (FX) omvodict the bt thor miced L™ derivatives are equal, nenw OW inifial asserton that sweh o funceon

existed must be faise .



Flow Line
If you imagine thait a given vector field is the velodty vector field for a fluid, then o particie dropped in Hus fluid would “follow
the orrowe" The cuwe traced out by HNIC particee is a “flow (ing "

ler E:R"4R". wesee from the 2d example thar at every point x in the curve fraced out by AL x—«r oy

The particie, the Armw E(%) 1§ Hangent f0 +he Curve of %. We fake +his property 1o be +he defining 4iuis '/25 : Phan
featue of a flow lne (i any dimersion) : i [ .‘_ o 2 11
Definition® L¢ FIR"R™i¢ a vector field, a flow une for £ (aka streamines, aka (nfegrol curves) (s o | | . \ 1 \ 1 ez ‘,

Pﬂfh [ :Eallﬂ] > RV’ st. R X 4, y 7
'@ Blect)) ¥t € [ab) i



[ Section 4.4 Divergence ang curl]
- Divergence taces a vector field and returns a funeton.
" Cuwrl takes a vedtor field and returns another veotoy field

Divergence
Detinition: let E=<F,F,Fs) be a vechr fieid-
Then the divergence of E ic the function divF (o . F) derived by
2R Sk 9F3
dvF= 3% 5y "33
oK,
(more gererally , div F = é %

TInterpretation: guppoe E is e velacity veltor fietld of a fluid/gat. Then div E at & point X measures to what exrent the volume of-
a gmall region containtng X wouwld change if moved along the How el of E. (.,
div £20 &% exparsion

div FQO &0 ompresston,
In otner words, div E repreSents the rate of expansion per unit volume wholer the flow ot the 30&/Hwio&.

Note® it wodt alwayé e Uear fIom Hie picture, of ayesdr Feld wherher 15 ex pancion, Lompressiom, oY neivner.

let £:B"3R, Then Of: BR"SR™ ic a veunr 'ﬁf,la(,sa we com tare its A‘Nug&mo Tndeed £ (6 RIsH, then f:= [avc,%, gi)
and div £ Ev.ove) = P;L’E)agL JREAE SRS 8 %fm*;;; L e

we cau this tne laplacian of £ (more generally, wpacian of £ is 9ven \9\} 2 ot

We will demte the laplosan of £ by Af (N0 : penple often WGte VP for the lapauom of F, burwe alrendy used Hhre notourton
Sor the hession of f-.).

Curl
Definition: Tf E=(F,, F., F37 is a vettor +ield on 23, then the curl of E, denoted curl E or §x FJ 16 the yedor feid
L4 B es RN\, (2R _afY: . [ oR _ 9E
an F 2 o5 B (ay T )-'—+La—;_'?;)!‘-+ #—W)E
a2y
F\ Fz F3

Note: 1f asked (D Compure twe curl of a 20 Vector Gewel E=<F”Fz>{ we (mplicitly menn te curl o€ <F Py, D)

Interprerution’ the cyrl o+ a velotity veuor field F are pomt Is & measle ot the loeal rotafion caucesl by the fiwid at thet pont.



€9, in o 2D fumid, ar x place a small aid dise printed with the letter A
® T yon velemed the dicc and the Aivc Strted 1D rofate round its axis o jr Muvegd  tith

@; — the Al then the  url of T ab X wowol pe non-zem,
If the gisc dol not rorare apout it akiz, then the el o E af X wourd e 0 .
fy —# B Nt the curl of Eoves not wre abovt fne “globml roman” ot the tlud, ¢ the folwunyg
/ le £hows.
/" S 3 uamp

Ler 5 R™>g | then VF is & vectoc figd. & whar is ourl o2

S I (i R A CRY S 2 Y
| V€ s 2 2 (;ﬁ" 3y it (3%39‘ o) et (675\3~5\5_.})( c
7 &y Iz
2 2
i P2y
Theretoie, if 0%, cunt VF =0,

TS qives anorner wory of showing Thor- a given veewr fted g not the gqrodient 9f o C* funcrion



|Chapter G ' Double and Triple Imegrals.|

[Section .1 Introduction]

Tntegrals in 2D Y1

Recap: suppose £:[a,b] 2R, with f20.

To find the area under f, we start by approximah‘nﬂ using blocks: for any h,

we can partition [a,b] into n subintervals of equal width,

[7,?,7(,] s [x %05, [Mna, x,p] (the width of each of these subintervals i$ b—;a),

a g b

5 ba
Then we compute the Sum i=o F(X;)0% where A% n (*)

As we take w larger and l(arger (i.e. “fmer panttion"), then the sum (%) Showid give us
o Closer approYimation to the trug area under the graph of f.
If the limit exists in (¥) as n-> o0, we say that £ is integrable and we write
T £00ydx
0 denote This limit,

Double (ntegrals as volume

Suppose we have a function f >0 of 2 variapies, soy derived on a rectangle R < R e
fFiRER" SR

We cowd ask - what [¢ the yolume under the grapn of £o

One can use a similar approkimation argument to esrimate the volume above. I¢ R: [a,0)x(c,d],

we start by parfitioning R into smalier rectongies [K.'_‘ ’(m—_\XEgJ,gw—J where x; are obtained

b
Y

by partitioning [a,h] intd n suvinrervals of equal widths, and the Y; are obtained by partitioning

d-c
[cid] into n Subintervals of equal length o .
n-t

oty oxay  (KK)
As we take w larger, (rX) Should provide a better approximation to the volume

;,ﬂ?m sgy  wnder the graph of f.
d—~,,:f mg"' If me limit as n320 in (FF) exisks, we cau # integrable and wrire

JJ fx8)odxdy o denote its limit.

X

<

Graph of
I=f(x,y)

Region |

P
J\ / 1
V.
- ¢
- (/i
R~
R

flew)
—d_|
s /: \\



[Section S.2: Double Wnieqral over a Rectangie |

Q : How do we catcware f fry)axdy?

With the volume interprerarion, we dont heed to integrare o all .-
Ex |- guppose f(x.y)2 K>0 . Then ‘Qﬂ’l.‘d)dxdg , where R={o,b]x[c,d)

i§ just the volume of the cuboid bounded
by the grapn of £ and the rectangle R C R
o, gﬂx,g)dmg = (b-a)la-c)k .

ex2: Suppose 4(x,y): |-x, R= [0,1]x[1,0] whatis ;g\‘m\g)mdy?
The graph of £ ic 0 plane in R jnteredting the xy plane along the Ime %=1, hente

50 the answer is V2.

Ex3: flxy)=atay’ R:(udx (o1,

Then, ‘EH’X,V))Axdﬂ= Jﬂj w‘ﬂgl)mdﬂ i€ rhe volume *
The Wmost Commont method for these Sovt of inteqrals
is to write Ji H'x.mdwhﬁ as an “\'V\fe,qua,kﬂd \'V\\’eﬂm\,h

Fubini'S Theovem (version 1)

Suppose R <R i continuous, R = (a,b] z (td], then

Temyyanay = J& (I Fng)ax) ay

trear y as & constant to Compute tnis,

8 Uf H29)dy) ax

grapn of £

Aok

Y _—é—? /‘:’“’

iterared inteq (oS,

treat X as a constant to compure this.

Ex 3 tontinned ©

we nave R=C,17xlo1]  and ¥ (x*y*) dxy
= J!;m(fx:-( (Xi*lol)d’)()dlj
T (B 1wy
Sy 3 gy fin g+ Dy

= 55” Syls = (B3 ) -

-3

Sometimes we leave out paventheses :
T2 eony andy weans 2 (T2 frxpyda) dy
LRI fo0) dytx means (500 ponyoly) dx
X Y
Bxl: let #(uy): ' %
R: [2,47x[1,2]
Compute Qm,mmm .

\(311( J"{L:l [g—* %)o{'x ”{j = f@:l {%@L +U(1’3['X'13—”‘-\7
‘f:,-_( [%‘ +:2I054 - %"{1“’82]”(3 : JJ::(% *éjlogljﬂg
=[E§l03[gg+ﬂ:|osz]f * Glogat 292 ~ (vloy b+ iloaz,>

:'7__(052

Generally, b d
(405 quon) dedy = f& gunax [ (43

WWd also Lmpure J,{mw)am as
= [xiall yo [7{143‘)0(15)017(
sl [y e5y3 Joan = [ [43) ax
= 30+35 0+ = (313)-(F-3

-4
3

j“/q_(m . Sinx
Bx 2 Jo Jo tnxse ’147\45 note: tanX = cosx “(losu:sx)

= [ﬁlo\g |cos x| Jsecy ] o dy
J‘:’* (-9 \[{" gecty )dj = Iﬂgﬁée&ddg
= [@anﬂ) loﬂ\{i,]?(f

< luﬁﬁ



Properties of the double integral over rectanoies

suppose f,g are integrable over R<R® andler LR be constant. Ten,

i) Lineariny: f+g i¢ infegmble with Q(m.q)«gw.g»dmg = gﬂ'x.\g) dxdy *\Q 4inyy ardy

ii) Homogeneity * ¢t is integrave wirh Sé cHXYYdxdy = ¢ ¢ fry)dxoly

i) Monotoniity * i f(X.§)> gex.¢) for all (xy)e R, rhen L tony)dwdy 2 gqn.g)dwdj

iv) Additivity * if QR is & rectangie and ®= Y R where R, ...th are pmrw(Se digjoint rectangles, and if fis .‘meﬁmb(e over
each R;) then § is integrable over @ with gjf(:m\g)ohdgt Z g,.{'“M)dxd\'j

v) ]{f {lx,q)dxdyl N ,{J foryydady



[5.3 Dpouble Inregral Over General Regions |

Q- How do we integrare over regions other than recmma\es.?

Y-simple regions

Lets suppose domain of £ looks like:

C grapnof P, (X) J ﬁ_gmph of f, %)

v ]
]
[/ b d

qraph of ¢ (%)

graph of ¢,(%)

More precisely, we suppose D can be written as the et of all points (x,y)€R® st. a£%X<b and G(x)<Y¢ W (x), where
9,9 [a,b] R are fwp funerions with @, (X)< ¥, 1x) foran X€[a,b], We cali b o "|1-§implc resion."

Itetared Tntegmis

We call f integrable if for a rectangie containing D, the function f *ip SRR

derived by f*(x,\d) : i fixy) F (XV)ED
0 i (4.y)€RID  (recrangie putside set D.

i§ infeglavie on R. [note: tnis is aways going 10 be The cace if f i conmuous on b.

one then gefines b ()
L tupda = [[£pan and can snow Laan = 2 Jg'n) s ayax

A-Simple _reqions
If o regon D can be written ad the set of points (y) St esyid and Y(y) 7L R Ly)

‘1 ) D \/jmph%lj) V’g@:d], we call D x-¢imple.
x

T

gmph of .Y

SR | - 4k
we define the inteqral vV dA e wys m,\o)ma\é (a3 least for ¢t £ on D)

Elememary Regions 9, (%)

\"

I a region 14 borh A<imple ond y-simpie ; e.q. a triang'e, Rq%)
) ' . ) v Wy (%)

we Call +ni reqon Lsimple" or “elementovy! Tn the case of D beirg a Simple region,

we Con use either the x-§impie procedwre or the y-¢imple protedure.

T (%)




[Section 5.4: Changing the Order of Tntegration|

¥ 1x) o P ¥yt
o, pH'XﬂA)olA J L&m foay)odydx * j‘c J‘w.(g)) «‘(x,\g)d'xatg

ip ! 3
Example 1° ‘M\Ij @%d'xdﬂ Ck) \order {wapped .

o~ yex? Ky = féffe“?abax

04 XE |

o<fj¢7\

Y,(%) j T arx)

/Y
&7 thqu‘cg) sec xdmtj (HHEX)

T

| 0()(L——
|

T tan
I’ 0<y < tan(x) (rXeK) < So Xc sectx dydy

-<)a
N3

Estimating Integmals

o - KL)VZ e
Banple 2. Jodo (o*-y*> “aydr (k%)

» Reglon 16 given by

Os\rj ‘¢
b £ é[o("'j")l/"

o ol

—ur)

& (p(v. 2 \
Theretore, (¥3 = jn Jc (o*-Y*) 'deﬂ

Recall that f, fay) <G (xy) for all (X W) ED, then Hﬂ% Wk < Bgm\a)m
Therefore, it m 1s the minimum value odtained by + on b, andl M i¢ the maximum value,

HMA £ §, fxas lﬁ Mots, ie. Whrea(db) £ *{JHMMA < MArea ().

Dl'\/ld(vs Through by Area(D) we see  Mmé Af;a(o) H\L(xﬂg) aA €M
¥_\/—/

the “wean vawme " o€ D.



[section 5.5: The Triple Integral]

De finition
Let B=[a,b]x[c,d]x[p,q] ¢ R® pe a box[cuboid in B> and fiBCLR3—=R.
We can define integrapility of £ and the tripie invegral
s Flny, ) dxdydz (©  (also written as g fixyg,2)dv, or ﬂfs{d\/)
In a similar way to double integval CasE, using finite Sums (“rieman Sums" ) and toking the limit.

We skip the details pf the definition of k) and focus on calculations assum.'ng €.g- that continuous functions on B are integrable.

Fubini's Theorem (version 2.)

The 2D version of Fubini's Theorem alows us to compure (k) using iterated 'mfe%[als,
If £ is integrable on B, then any of e @ pogible integrapie integrals are equal to %), i.e,
Il foxy, 2) dy
=21 [a Finy,n) dxdydz
=Jo 58S & flay,2) dyaxde

=

Inteqrais ovey Elerentary Reqions

A tegjon in R’ is called "elementory" & the domain of one of the variabies le.g. &) can be descrived as being berween
2 functons of the other L vowiabies (€.9.% and Y), and the domain D of the orher L Yanables is simpie (in the sense
consrdered for double nregrols.)

Lers de¢cribe the following as elememary domains.
3 ! T2 UAY =TT

i) The closed unit ban in R3

Y =P, () = {1—xv
Ans: (xy,3) St. xteytegt g =B, (%)= -i=xT
men  -\ViFxZTYE Sz VTAtyT z =y, 50) = Ve aTygr
-Vi=xt 535\11«1 } §o we've descrived +he domam D of %Y as J'_({mplo region here.

“lexéd
Alternatively, we cowd desdibe as
N ey
-Virat ¢ x ¢ izt
-lez el
(1) Ler W be the vegion bounded by the planes %20, Y=0, 222, and the parabolod z:x*ty*

Evexy'mmﬂ insiole rhe paraboloid 1t s.4. 22X*ey?, (0, % ey =\
x

o<"+3l X412

08y < V2-7 4-Simple. domoin.
0¢x¢ V2
Arternatively,

VS'XQNIZ-W"

02 we 22 g—g;n\p\e domam n
pezlz the Yz plane.



Exampies

¢ w 15 on elementary region in @ in the form
f OIS 2< 4, ()
f(x1ey ¢, )
aLY<h

ond IF FUSRSR s intearable on w, then
S v - ls f‘;f{ﬂfl £(ny, ) dedydn

An anagolous form holds for elementary domams of other types) eg. if
Yy, 2)¢xL £ (y,2)
AN AN
céyed

en
M foywav * ﬁﬁff;‘flw,\ﬂ,z) dxdz dy

Volume
Recal: ﬂvsmi dA : areq (D)
Now* mwgﬁ av = youme tw)



[Chapter @' Change of variawles and integration |

Motivation: guppose we wani +0 cOMpUre tne double integral

Iy fan 15

where 0 looks like

One way +o do this is 0 transform D* nm a ‘nicer’ regon, e.4., a disc via come mapping T,

we will see thatr (¥) can pe caiculatred by computing Cuitable” inregrals on D,

We firgt need to understqnd The geometry of closely diffable maps T:D €R'->R?

[section ©.l: The Geomerry Map from R* > RZ|

Maps of One Region to Anomner

For such a map T, we write T(D") or D to denote tneimage set, i.e, rme set of points T (x™,y*) where (X% y*) are rhe coords

of points in D,

ext Let DY = (0,]x(o, 2] ¢ IRI) so that points in D™ are of form(t,0) for 0¢ré1 and o<@Llm
Defne T:p¥—=>R? by
Tle,9)* (reoss, reind)
what 16 T(p¥)?
Angwer* 1et (,Y) =(rwsd, rsing) pe on image point. Then,
ALyt (w9 +6inp)
=¢t
{1
Therefore, T(D¥) is vontmined in the ciosed wnif disc.
Convercely every pont (%,4) in the closed unit disc Can be writen as  (XU) = (105, rein®)  for comg 04v¢), p<O&an. ™eresore,
D*) fh& closed unit disc-

u
we call T the lpolow coprdinare s change of varaples map": it takes rne rectangle p* (in polar

‘ covrdinates) to the unit dicc (in Euclidean coords).

Images of Maps
Theorem: Let A be a 2x2 matrix St.det A #0, and derive te linear mapping T: 2R by T(§) =AY

Then T maps oavauelogmms iy Pﬁlmuelogmms and vevtces +p verticies,

-

y 3
(',/')\ /1)
Ex: let T:R™SRY k?e 'r(nnd)-( z, L) ond ter DF = 1,0 1] what ¢ T(D*) T %" ~$—»x
ANS - T( )(L )(3) e

| - -l
Hence, D™ will be mapped + some paralieiogram with vertiies T [ 1) T(-Il), T( ! ), T(ﬁ)

(4)()- () TR T T

o=

Gy ) ) G)

I
©)
Exz: ler p¥e (0,1] x [Oll] and let T:D"50 e Tlwv) = (uy, ilvl—u*D) .
Q Let c,(t): (£,0) for te[o,] @ ®
L T L] = L 2
Tl 6)) = (e, 20— (97)) 7 (0, 51%) e call T the “parabolic R
® Ler cylt)= (o,t) for t€(o1] wordinate ¢hange of variabie map"

Tlea ) = (0, 2°)

@ Ler eyly= (1) for £ elo)
TCeytt)~ (1, T-Z12)

@ Let Cult)= L1, ¥) T/6[0/']
Tleylt) = (1, %64-7)



One-to-one Map

Drawm3 the deformations caused by a mapping T does not give us the full picture, and sometimes we'll need to koW more

about the properties of T to use n +the change of variables formwa.

Definition: we eall T:D'c R*— R' phe-to-one Lov injective ") 3f distincr pointg by T, ie., if (uv), (r,s) € D* and
Tluv) = T(r,5), then w=r, v=$,

Ex Li Tory)= (x*y%y") TR R
)
™is i not one-to-one ey. Th) and T14,1) are both equal o (2,0). oy
tv2i D¥: [0, «[o,2n] and TB5RY. T(red: (reos@ , rsin®)

Then T s not 1-1 because all ponts of the form (0,&) (Wwhere B¢[0,21))
are mapped to the same point (Ofigin) . See diagram -
However, T considered as a map* (0,1]¥[0,2w) 15 one -0 -0ne because every point in the closed unit disc minus the otigin
tan be wniguely <pecified by a distance o04re] from the orfarn and aon omglc 0£O0<L 2T EGom tne GXIS
(w ey
Ex3: T IxGL) 2Ry Tlry)s 2, 2 )
z ’ 2 - ) 2 )

D¥* thic i€ one-to -one * Suppose  TIxY) = Tlx4y') Ge. z
i X¥Y = Ay
X-y = X'oy!

FToxex! F AT D Y=y

Onto_Mgps
We are also inrerecred in o sort of (onverse question +o finding the image of set D* under a mop T given a set of D cp?

and o mapping T: R2SRY, can we find ser B <R ¢t T =D ?
In this case , we call the mqpprng T:D¥=0 onrm (oc “wk)ecﬁve"), e, for evewy (x.u) €D, there exisrs ar least one
point (W) € DX st TwV)= (1 Y).

X
Facr: for linear vv\apprng T, i.e. those thar can be written in the form TI%Y)=A [51) for fome marfrix A, being one-to-one
and ontd are equivalent; and occurs 1 and only 1f det A %D,

Ex 1. lef T:ASAY be Tlwv) = (u,0) .
let b=[0,13x(0,1. I¢ there a subser ¥ R® <, T:p*=>D 15 onrv’
Ans: No- T(x) ° U)%BUL)
L der A
Arernarively, we see thar T mags the whole of IB* do one akis, nence Cannot be onto the SquareD for any D¥c



[Section 6.2: the Change in variables Theorem |
Ceraral prootem * iet D, 0¥ and suppose T:D"p ¢ onro tie,T(0F)= 0) and diffaple. Ao let £:D9R pe inTegrable. Can we express

S etxap)aa T @ f @
in terms of an integral £oT over p*
FoT

Answer: YeS, under certain conditions:

IF we write T in components as T(W,V) = (X(u,vY, y(u,V)
coords on b”—/f(’]"3 L eoords’on b
”fm Y)drdy * Ioffﬂmu V), 40y v)) If"loludv
where (2] is a certain factor which takes into account distortions of aren between the two copromare systems.
Nore: T i referred to as a change in variopies map Or change of Codras.
e factor "?" s the " Jocobian dererminant”

Jacobian Dererminants
befiniion: let T:0' = R* > & be a ' ™map 4iven by

Ty (xtu), Ylwv). o0,
e Jacobion dererminant of T, written Z(wv) , 1§ the deierminant of the derivarive marrix DT (u,v), i-e.

o o2

e | w3

2wyv) | 2y 24 < Cowd he Nneg. or pos.
EYET

la('xlld) n " "
@ whyis |atwvy | the “correct” factor [?] ¢
8 3 Q)
¥ ,,fﬁtb\ N
T !_\Q‘,t N

lovle—"r ' X
k—fj\:-i\

Jacobian
Area (D)"gdxdn T lwﬂm‘“*

Also, Area (p) =& T Orop * {[‘ rdrdp

Change in_Variables (for Double Inmqrals)

Let D and D be elemenrary regions in R* and let T b= D be 1101, ontv, and C'. then for inregrable DR, we have

2(xy,
g €Uy, )ARay - g* Flxtuv)y, ylw,v)) \ 3(,!4.,\1)\ dudv

* absolute value
Nofe: This is a mulrivariable generalizanion of integration by Substitufion.




%(b)
Eq- Jc Flxw) dudu s fxm)H’x)d'X

The uSual Serup: we wanr 1o calcwlate {.)f F('x,\d)dwlg wlnexe £ 0 are given- We choose a suitable Change o variable map
T,V = ('X(u,v)J \3(,\&,033 St. p* ﬂxm,v), lotlb,\/)\\a %) \ dudy 1S easier 1o compure.

Example 1: let P be o paralielogrom bounded by the Jines ys2x, y=x, y=2x-1, y=xtl,
Find ‘g?(ﬂolmﬂ
by MAakng he change of variaples q‘(:wv, eV Cie, TV = (U-V, 2uV)

Ti§ tingar since  T(w, vy: Uk -l )(v)

with det A= #0Q hence T ic 1-2 .K’P‘ .

We see T(0,0) = LO,0) we have 2mvy ° \*’1 _-'|l =
TU0)=1y2) Therefore
L0 = (22) “ﬂjd'xdg = Jl wv)au=v) 1 dudy = AN N [2u3- 30y +v *) dudv N,y
TU,-2) = (3,u) ==

More Examples

exampie 1 catcwiare the area of a disc with yadiuc a.
H dxol fa f S f = “’[L] = wat
Y = o“ a9 * o tdrdp= 2 Jg fdr 0 * ua

examp(e 2 let D be region between two circies of rw\u& o and b, whfve 0ca<h . Find ff loa[x*+4* Mdlﬁ Wing polar ool ansformation.
zm JIlOQ('X”W)dﬂ\‘] fo« 0 ng(”\rd@d( 2 ar( (,f i )
i) a? L
\b “wla rlogy dr = v [F Ioar’ w T [1, wab - 3lega -uf(b'hm)]

Note: it is mo€t namrou to Qnvert to polar Coprd if our set D has cirewar symmetry Li-e, radial dymmerry) and[or the funcrion
beng integmited involves 1erms (ike f(xfl*‘dt)

. - o A .
pxample 30 show 1% LCoog ™y & gauscian — _mﬂ%mm__’

pf:ler Dy be the dicc 'x%ﬂua,

congidey “o oy )d'm\} =Js f e rdrd9 c R [’ée"\]"' w-¢” 1) Aummy voriable
Taty %20 we gee thar gle " “ody < gho AT (fe M)(neﬂdg) [he™ax)({o ™ aa) = 2*
I

Tripie Integrals
Let Tiwe R3> R be ¢’ wi T(w,vw)= (xtu,v,m,g(u,v,w), 2Uyvw)) eyt ave functions of the coords o,V w via T.
The Jacobion Determiant of T is

x X ax 2%
axey,3) v o S

2w, v, w)
2y = 24 <« Mmegswres how the rrarsformotion of T
U v E
disrorts volume.
3t 2% 2
u N oW

Example: ecall Spherical coordinates @ x= zpsingcos® 9y " =-pSingein® , % =fCosp

9(2'_3*)_ =| §mPexse - fsingsing FeoseXO | = ginp cos0 [—f"amluz cosp) + panfsmp (-f 4in"Qsing - peaspSiné )
2, 8% —S5inpslng  -Punpust feing .l]ocosg()tose['f nyeosy om&)
tosY o 7o =

- fzs)mp[sm peos® + gin q>6m0+ 0s*Ysne * mtpéﬂ& 9,]
- plsin [(mn P rsQ)( cosg) + [Lgscp*smLe\(gm’p)]
= _frlsml? .



Triple Jnteqrals for change of Variables

Let w and wY be etemenrary regions in R} ond Suppose Tuwsw s ¢, (-1, and onto, with
TuvwWy = (X, Wy, Y [wvpw) , 2, v, u)
Then for integraole £:w=>R, J"ﬂ L))ol xdyda

(XY %)
{{.‘4‘- ARV WY, Ylw, v w) ,u(,u.,v.w)) 2NV w) dududw-

Note * the the case of cylindvical cvordinates,
I[nﬁﬂ%‘:]/%)d"dvda = fug +(rcos9, rein®, t) rdrdodz,

Example: (er w be the region where X*ty® £ 1, 220 and beww Cne 2:@1
1 Find IVLJ rdxdyd® wing cylindrical change of coocds
Owr domain® DSVEL _ xlty' £
ps Bcein
pszer = (eyt
go the infegral s I3[ 2 vardras
Sl (B2

Sphexieal Coordimates : I
Wetmg,e) duayaz = 0 £(punt oo, pingsing, peose g ang dpasdp

2 2, 37 I
B let w =unit ball in R, Finot (&) - fupa(" AL N
kns: w® 10 0<pel, 0404, 0%y
T i 3
60 Lo [0 I3 oPpram do ag ap ~ i1 preling o * Len



[ Section ©.3: Applications |

let W be a 3D region, interpretted physically as o solid. Suppdte the mass density of w at (%4)T) 6w 15 PLXY, %Y. Then the mass
15 W pluwr) o\'xd,'ad‘t. ond the center of Mass of W s the point Gr9,%) where
w XP(%Y)E) Axdydt .[J,Jy_((x,g,t) Axdyat , waplx,g,%) Axdyat

X = 5 = 2=
mMass (L) Mas (W) Mass (W)
1%,. m; x|
Note! gmcmlrwﬁow of M of N maeL m,, . m, ar point Fy, o, Xn on the x-axis guen A= _ﬁ

xel

Note: if we wonted Y find the c.0o.m 0f a 20 region, then forger abour 3 and 2



[chapter 7: Integrals over parhg and Surfoces |

-Fn’nding in’regrqls and vecttor fields over genera| curves and surfaces,

[section 1.1 : The Path Inteqrall

fx(®), y(1)
" ¢ " ) . A//cmmz).,v([))
the fence with base E(t)=(x(t),Y(t)) in the Xy and the heght given by —

flet)) = F(x), y)) (lie. toe area M between c¢(t) and the groph restricted 0 ¢) - Q

b "
The area is 9iven by {a FLx(L), YY) VXY + Yy ot (con justify this using Riemans sum type argument)-

Suppose we have a path €:[a,b]=R* and f:R>R. Lt £20, we can falk of the area of

Definition & gimpie_curve CSA" is the image of C'path ¢: [a,p]1=&" with no sei intersecrions except possibly with C(a)=CLlb), in
which case we refer 1o C a¢ a "cloted simple curve,”

4 X 7
/Q c)=¢(b)

Definition: Let c<® be a simple curve ond & :[ab] S R" a C' parameterinaton of C. Suppose €:R">R and foc:(a,b) >R iS CONHNWOWS
on [a,k]. Then fhe path integral of £ along C i Jo#as = Ja sl as

Note: independent of the chocen parameterization o€ ¢(t). t'F(X‘L‘t), wo X lt)) iE e (%, ... An (1Y),

Note: works wirh piecewise C' or (M) i only piecewise CONHNUOWS, Theh we can still define Jetds by breaking [a,b) up into pieces

over which tne hypotheses are Sarisfred (Compute eacn infegral and sum).

what wowid the path integral represent in higher dimensions !

14 eg. cer? is a wire and f(xi1Y4,2) 20 is the mass dendity of the wire. Then fc €ds 15 tne total mass of the wire.



|Sec+lon 7.2: The Line Inreqral|

Integrare a vector field along a path.

13,2) A consistenr porameten 2.06on
/‘é Q would be ¢ Broed
i i ) for t (2
R curve C<R" is called "oriented" (f it is equipped with a direction: ) choose direction Ceost, st ) for N

for Thiz direction.

Defmition® let C be an oriented simple curve in R" and ¢:[a,p]> B o o parometerization consistent with the drienfarion of ©.
Let F:R"+R" be a vector field and suppose Foc* [a0]+R" s crs on [m,b]. Define e ung integrl of F along ¢ by

b
fcf s = I o Blew) - c'tt) dt (RQain, if the hypotheses only saticfied piecewice, break [0.b] wp actordingly, compute king integml ongd Sum) -

Note: the line mregral over an Oriented cwnve G i€ independent 9€ the chosen param. C(t) as lonﬁ as C(t) 1S onsiSrent wirh or'entation .
T ooty qoeﬂ N the opposite direction to the orientation 0f C) +nen +ne mm]ml wi|( chanqc g.'gm, i.e. if -C denotes vhe same
airve 05 C, but with the oppusite origntation, then Lf Fas= “_rc E-ds.

interpretarion - i€ E 15 a fovce fleld in Space acrmgon O test particie moving a\ong an oriented cwve G, then the woredone
N . ) f b 1

by E a5 tne parmitle travenes C (witn poram. Cit) for t € [ap]) s Je Fewy) £ ar

Note: this generalzes the formuwa wofk dones force xdistance.

Anorher Example: If 8 is a magnetic field, in ' and C is an oriented closed simpie curve in B Then Amperes Faw savs thar the nex

¢
Cwrrent through any swrfoce bounded by & is 1:1.8 ds %

Notation o1 “ditferential formg"
A

dx d dx
Atemative Noratron: i€ F=(Fi, Fy, F) then you may See !E'ds written as J[FI (Cuy) g (b) ¥ Fzﬁtiﬂ)é%mf Fy ((ty) @Lt)jd’c

Fundamental Theorem of Calculig

Recall the fundamenral theorem of cacwwus (FTCL) for 3D functions: if G&:[a,b] 2R is differenHable wirn 6'=g, then
b
{a 9()dx =~ Glo)-GW)

Theorem (FTc for \ine integat) -
Suppose £:HR3 3 B is ¢' and € is an orienred Simple curve (or Gt least piecewise ¢!) ondt ¢:(a,b] =B’ is @ param conslsrent
with Fne orientation on c. then, .L VE-dc = Flelb))-flela)) -



Exampe, 1€ E(x4,2) = (Y,%0) and ler C pe the oriented simple Carve paired gy €(t) = (_T;L—ql sin® (lp:‘t), 0) for telp ]
Whait i¢ cfE 'di‘?
Answer: we see E= W where Pc-x,g,%)lfrg,
Hene by FIC, !Eds = f£lee))- F(e@)
{Eds = 4(e0y) - (e = £ (4, 1,05-F00,0)7 §

So even If the curve C s complicgted | ¢ wete iAregraﬁng, o grodient Vector, +hen we dont acrually need to compute

any integrals or all -



[Section 7.3 paramererized Suffaces |

TWO types Of Surfacec: Note! 1) includes i) as a Special case -
i) grapns of funcrion £: RS R
il) level sets of fungsion £: R3S @

Parameterired Surfaces as moppings

For mfegraﬁon& Over Surfaces, it wil be usesul *o have o woy of desaribing gurfaces poramertreally .
Definftion : A porametrisahon of-a surface is any funcron 3 P SR B where D is a domain ;m @Z Then ne Surface
corresponding F i the image of D under B, ie, $= B(p), we reter 1o "the sucface § with paromererization T'ﬁ

Tdea' & Takes a fiat domain dem” and i+ leads [Mwicts i+ Intp o Surface 3.1D) is B? _ )\/

,./'/ D o y T Y .
It we write 2 (wv) = (x(wv), Ylu,v), B4}, then we are viewing w and v as 4 s=00)
the parameters.

Nore: TeXThooK days, if 2 16 diffable/C), then we il § o diffavie/c surtace, But, 3 can e differentiable and s nave comer,
o we'll jut refer 10 & a¢ being dif€able (¢’ rarhel than 8.

Regular Surfaces.

Given the surface S€ > with a diffable paramererizhon é(u,v) = (xuv), Ylu,v), =w,v)), we want to0 tale Of tangent pla
and hormal VelLrors +o <. This will make <ense if S s a "reeular swrace.” nes

®: How can we Create tangent vectors ar luv) & & wsing B° (I we had to guch tangent Vecrors, we can taie their cross

producr to get @ normal vecror at B U, vp) ¢ 5.

A Tf we hold w constant with vafue Wo, and we vary V by considering tne path t = B (uo,t) € 5,

then tne image of +his parh is a curve on § wirh tangent Vector at 3 (Uo,vo) tey0) ’

) B _ ( 2x 29 ot

given by B (o) = ( 2V Uo, Vo), Zviug¥e), 9K(MDIV7]\
2

We denote v by Ty
-3

22 . 22 ->
Likewite, v o, vp) = U (W) i + -+
2

3
We denote 3u by Tw

The ided is that if the suiface i “nice" Llor “differenciabie’) at ZWo,vo), nen T, ond T, should be non-zero and

noh-panallel at (u,,\V,). Then (TaxTv) (Uo, Vo) 1§ & hON-zerD vector ahd normol +o the surface & ot i(q,,vo).

DeHnition: ler s be the surface with diffable patametenzarion 2. We call S regular (o “smootn™ or “ditfavle") at B lugyuo)
provided that Tyux Ty #+ 0 af (Wo(Vo) -
We call § Yegular if it i regulow ai al Bl vp) € S. The vector T, x Ty 1¢ normal +0 S at-any point.



Example :
Consider the cone z=x*+y™ The ¢' parameterizahion is given by i[u,v)= (ugac Vv, usiny, w) for (uw,v) € [o,oo)x [0, 21
% is diffable SO we can compute Tw and Ty . Bur we showld expect (TuxT,)0,00 = 2.
Indeed, T.l0,0)° EEI (o)D) = s(0) i + &inloy] *k = Ltk
il s J

Tvl0,0)= 5v(0,0) = -0gin[0)j + OWIOJtOE =0

50 (TJuxIy)00) =0 . Hence, S is not regular ot (OD)

Tangent Plane 10 Parameterized Suitaces

Definition: Let S be the surfacg with diffabie param 2.0 ¢ R*> RS,

ond suppose S 16 reguar at & (UoVo) - Then the tangent plane of S at B lupiVo) is
{%x-%Xo), Y-Yo, T 207°N =0

where _Q%Ex\}:)tuo.vo\ and (%o, Yo,?») 2 2 (Uo,v0)

Examplte
Let E:R=R where B (wu) = (WCos vV, Usinv, wW*+/)
Tu = Leot v, Sinv, 2Wy

Ty {—usinv, ucos v, v

. B .
Tw¥ Ty:| * J ¥ Vi1V - 24> casv clearty, i TuxTy =0 ot some point (Uv), we have w=o,
. z
sy einv = —2usinv .
o e If us0, then TuxTu= [ 2B5" ) (6 then TuxTv 20 € (wv) = (0,0)
-usinv Wiy v w 2V sy -
0 HeNce, no Tangent plane at (0,0)

BUr, there |s a well-defined tongent plane at all other poinisonS. €.94 look at 2(1,0)=(1,0,1) and N=<-2,0,1) hence rhe <quarion of

our foanQent plane i§ -2(x-)y +z-1D=0 i.e. *Tzx\.



[7.4: Avea of surface |

@ How do we compute/derive the Surface area of a surface § Wirh parameterization DR B 7
v [} )
o E s 5 o We Know that Ty (U, V;) and T,(wiv;) are tangent +0 S or B, V).

T av e ..
> & (Ri)) Aiso, awT, wi,v;) andl BV Ty(w,v;) then these Span a payallelogram whose area
)

LY
H \w Ri) louTu iy v5) x v Iy wiy )| approximares the area of 2(Ri;), and this approximation
BU;,V;
(s, v5) %) 9ers beter 08 we make the grid finer.

e, we can expect that ,.%w” T luiy vy ny(u;,vd-)“ AVAU tends 40 Area [$) as N,
L Jp I Tw x Tu llauav
DEfinition: Suppote S [« A fequiar paramererized surface (Possibly excep at finily poinrs) wir parameterization Z:0ER™ - R® whioh '
C' and 1= except pogiply of +he boundary of D. Then the SArface areAq of § is
As) = Tt x Tl dudy.
Note: if hypothesic are saticfied only piecewice, compure curface area of €ath separately and Sum.
Wore: guantiry of Al i< independent OF the chocen parameterizdtion.

Example 1

Find the area of tpe cone S ﬁ:’
2=\XTtY* pelow the plane z=(.

Parameterize & mi AUV, Y=usiny, 2= where oS\ and 0<vezZn.
with Z(Uv) = (UsV, uimv, w), we Sgenat 2 s 1-1 awoy from rhe boundary of D, Jsince i+ ZLU,v)= UL, v') for come 0<y, L'<) pndk o<y, V1<

=y \ oSV = f
Hen ( wosy = w'omsy G M for ul SV = (oS ¥
usiny =w\sinv' ey = Siny
w2y 50, v=y't 20 tox Some n € Z, but beuke of bonas,
v=y!
ww'
Tw = L@V, sinvp 17 TaxTw ™ [ 2 4 E(F [ UG
Ty :(_‘\45"“\[' weos \ g) wiv iV -USinv
-ysinv w0 W

| T Tl Jizady +eanv +et =1z 4,
Note TuxTv only vonishes wnen u=0 and since Z(0,yy2(0,0,0) , the Cone Only faile 1o be reguar at one point, o we can CoMpute
Afs) = fbfﬁu,awv b=(o,1]x [0,21)

S Euauay =z



[7.5: iInteqrals of Scalar functions over surfaces|

S i & Surface parameterized by a ¢ mupping FT:DSBEOR which is -1 (except Possivly at tne poundarie§ of D) and
S is regWwar (except at finitely many poinis),
Definirion: SuppoSe f: 8- K ¢ continuous. Then the integral of f over § is
Toeas = Boe(2uw) 1,5 Tyl dude
note:when £= 1, we recover the Surface area of S, e, A(S)= ﬂ; as.
Note: the above is independent of the parameterization € (as for tne path mreqral).

Interpretation: i s SR i€ 20 ahd represents the wmass density 0f the surface §, then the total mass of S is
M[S): Uff(x,‘g,zmg_

Exomple 1: ler SSR* be 0 velicoid parameterired by E(6,8) = (reos®, r6in®, 8) for 0LPCAT, 0S KLl
Let £lx,y,): Ve vy find [l e ds

5 3
Answer: First compure || T, x Tg |

L] 2 - o) - 2 - ~ )
T, = or = <tosd, §ing, 0> s T xTp=| ! ] £ | =/ sing
- ai .
T° 26 = <-rsind, rosd, 1) cost sing 0 0s®
£lTCr &)) “kSind reos ¢ I v
]

so, [T = VTorT - ;
™ |
Hence, ﬁrFalr‘- f,, f,, Vitr2y/ 14r2 olidg= f,, f,, [+r*-drdg - znj.,((lrr’f)dy: @,

3
PR Tan?
exampie 2: let SR’ be the cone :Vat+y® below tne plane €= 1. suppose & hac a mass density prny e’ 37 Find N(S),
densiry 4 exponentially as ue go 1 tue cone.

answer * we Saw & Cowgd be parnmerevized by 2 LLVY= (W0sV WEINV, L) for 9SUET, DV L,
= -
with [T xToll =Vew.

A
pence i) = (1 pas = [0 Sobueauay = wizle®’ ]} = walen)



| 7.6 Swrace inteqrais of vetior feis|
Q: why do we integrate a Vector field over a Surface?

u/1s/w21

Recall: ¥ F is a force field in spate anct a test parricie moves along an oriented curve Cc<R?, tnen the work done by
b
E on the parricie is tne line inteqeal JoE -as (= fo Eeces) - citerar )

Ta parameterication: [a,b] - > 0f C consistent wirh the orientarion.
Next: ff;g-a@ will be tne fluy of E thvoughn an oriented surfoce § .

orientation

Definition: An oriented surfice & is o two sided suiface equipped wirh & continuows chofce of normal VeCtors G.Cross e
Surface . (A MODIVS $trip {§ nov oriented becausSe 1, = —ng )

- “continuous” means the pormal veLtor showldrir jump tp the otnet side 0f the Swrfale. e, ey all lie on one
side omd hence Specify (mathemdtically) owr chosen side.

t : . , _—

-8 YA, we wigh say the sphere is oriented with the outword normal," or ‘oriented with normal is yjrek !
Ny,
@ Y ¢pnere is oriented with inward novmal” or "orienred wirh normal —xi,-%\j —ze "

gvery swface of 2 Sides has 2 posSible orientarions. Pick one of the two Sides.

NoW 6uppose we hove a surface § with o o param 3.(wV) and cuppose S is feguiar Ot [y, Vo). Then we Know how to get
0 NOrmal vecror at 2 (ug Vo), namely (T, x Ty ) (uo,vy).

Therefure, o Parametgrization on S induces an oRentAtion- We just take the continuous thoice of normal to be (Iu XI\AUMV)
as (wv) ranges orec D.

On the otner hand, if § iS¢ an oriented surface and we have a param Fiuwv), then TuxTy will eftner point in the Same direvtion

on I, in which case we call E(u,v) orientarion preserving, or i will point in the opposire difection in which cace 2(u,v) is
orignranon reversing.

Integraning Vector Fieds over oriented Surfacgd

Definition: Let § be an oriented surface and & = B(u,v): DS R*>RY an orieatation presem‘ng parom with &% ,D saﬁgfyrrg
the same  asgumphons a¢ in secr 7.4.
Let E:So R’ bea continuous vecrr fie on S. Then the surfuce fntegral of E over § s {17 s = H,,F[écu.m-(ﬁx?vwdv
Nore: this ic independent of & for orientatioy - preserving. T4 E (S orientarion revening
\HSE'dS =7 UDF(Q(“IV))' [TwxIv)dudv.



Simplitying Surface Inteqral Calculations 11172031
Suppose we hawe a swiace $ given by the graph of 2:9(%Y) where g 16 diffable - Thenwe con param S by & (wv)* LM,V,gLu,Y))
(here ()€ Dy where D 1S the domain ot 9).
men, T, 1,0, Zw)

Ty <0, 1, =)

> - > -29
Then Iu KIV = i J k 2w
= ~29 <« 0 Y
| » a 29 neverthe O vetto
29
0 ! v !

Hence, tne param'd surface S is requiar wirn HTuxToll =Vi+ (%?;)L* (22)?

[ie 9: DeR*=> R and £ is a scalar funcHion, then [+ o - I H%:j,ﬁ(w))\/h @) 'l%)‘ dxely

By our formula for T, x Ty the 2 possible direchons of a normal vector ar (wo,go, 9170y o)) are the direcrions of tr, where
n =< -933 (%o Ys), -9%%(7‘», Yod), 1)

unless otherwice Specified, we aways assume the gropns of £:=9(%Y) are oriented in tne, gire(tion OF N, &0 always upward
DO\‘V\ﬁmj.

™en the paraeterization 2 (y vy =(W,v,¢lu,v)) iS then orienration pmservrn% by construction. 9g. 29

Nore that if F=<F, F, F37 i$ & Continudus vector field on e grapn S then  F-(TuxTy) = o F\‘ 7Y Bt Fy
Theretore, JsEds - “o@% Fn’%%ﬁ *Fbmd&,

Also: sometimes ifs e0sy D see what a normal vecroy 0 @ Surfoce i& wirnout an Ofigftation prewrvl‘ng Pamm'reriwﬁor).
2:)>R>

Then the nowal T, xT, wincides Wirh the ofientation On &,  hence J

ﬂsf'd_g = SSDE‘([\AXTV\M&V : ﬂp’f'(](%:%\\"&ﬂv” dudy  * »[r»(E‘ﬂ)HIM xTy|ldudy =l(§”f ‘) d4S
L——\,—_/

ant nprma|
Aenot ed b\} n



[cnapter 8: The Integral Teorems of Vector Analygig

" greens theorem
- §T0KLS theoyem
* gauss' theorem (divergence teorem)

[ Section 8.1 Greens theorem|

Greens Theorgm gives & formuia for the line integral of a 2D vecror field awng a closed oriented @ C=2D
curve CER™in terms of a double inteqail over a rejiow encloted by C

Greens Theorem'® let D4 RY be on elementary regions and et ID be irs boundary orienred clockwise.
ket F=4F  F, 7 be a c' vechor field on D.
Then, »fabidg : “o (curl E)-k ¢k, 6K

N AT
Recall: by curl £ we mean the curl of vector <F, F,, 0y Which i§ (% - a‘aE\;BE-
. PR o .
£0, (cunE ) ¢ '?’)7—29?“.1 s and if > SR
b S

we write E-d$ = F dx - F,olg, men 8 is gruivatent o Jao Fodx 1 Fody?® \Uv % ag)d'xd\g

Let F,=-Y , F,=X. Then greons thearem oyg
fab—gdx*fdg = Ik Ldxdy
Area(0)=3 [}, waty ~ydx

For o more general reyivn bef (not netelianly glementary) gree,n's heory still Nolds frue i€ we orient each boundary @

Curve CorvecHy.
If you walk along & DOUNCAYY (Ve ¢ with correcr orientafion For greens theorem, then region D Should be on your (ef+.



9k 9F )
ie. LV Fidot Fody = Up (ax‘ 5y )A'Xdﬁ where f;oaswm of inteqralS over each boundary curve (with the tomecr oneftarion).

L Ler D= annuius with outer raglius & and inney radius 1.
Confirm greewis theorem for F={1%?% 2y%)

we have
3 30, < 3
N Ly 2tPax vy dy fap, Oty dy LDL ) }30
P, Param 9P by Giost, L6mt)

Pargm 05 by (L5t - 5int)

pid z
()= Jo [lwcas%l-lsmt)4gsl'n3+j2wsz‘)]oﬂ "‘(f otEms’t)(—rmt) +(’$fn‘£>(’w5t):ld+
= f o (<3 *Esint+ (7 5m7+,wst) at
= [ Foos't + Zeing ) T =0
2
Andl \Ho@% 'a_?') ol'xol\}
howe
(o] o
=0



[Section 8.2: Stokes Tneorem|
Recall Greens Tneorem ( [ F -ds = [fplur1E) -k dA ()
El
AISO: since CurlE scurl (F,F2,0) = (3~ 3y )k and  Feag ¢ F v+ Fudy, we wrote (¥) as

2F
o 5 dveryay = Sy (-3¢ YaA.

Stokes Theorem will generalize (%) to oriented surfaces SCR' wirh boundary 25 under certain agsumptions we'll have
[ E-ds < s Coun B)- a5 .

Stokés Thearem for Porameterized surfaces

Theorem (stokes theorem): Let S<®> be an oriented surface derived by a C paramererization 3:bch’ — R® s,
V2 1-1 (incuding on tne boundary 2 of D)
i) % is regular (except possibly af finitely many poinr).
) D has smooth boundary curves (can be pieccwise Smodrh)
Let 35 denote the boundary curvels) of C, each oriented posirively’ (w.rt. the orientiton on'S). Let F=CF,, Fa, ;) be a
c' vector field on §. Then,
H(cun E)dS = I « £ oS
If oS is emphy, fhen SSS (curi €)-ds =

'\'V\lS d(rc.cﬁ on 5

< 'rvus

" »
Remarke: A) let C be one of the boundary curveS in S, Then the positive Orientation on ¢ is S.t. if you were to WANK
around ¢ in the direction of "positive" orientation with The orieniarion of S ac your wuprighr direction, then the Surface

S wowd be on your lest. i
C

B) The reason we impose & ¢ (-1 (incuding on aD) is so tat &(D) =98, If 9. @ were tne Standard param. of tne sphece in >
ie. E=F(9,9): o) x(o,n] —®>
—

D
’ which {s ot (-1, the boundary would ve a curve in tne spnero, but the Sphere has no boundaries .

C) If cl)= ¢ (1Y, co ()Y is o param Of D oriented posirively. ((nthe Same considered for grcer\c thm), then 3¢ sa
pamim, of 25 oriented posttively (in the sence of remark A,

In Practice

You dont alwayS need to $ind B explicitly if it’s obvious such o parameterization exiuts, €.9. for hemigpheret-



Ex1:
Let § be the upper unit hemisphere in B3 grignred owrwardg
Let ?={ﬂ,-’){,61t)

Find Il (i FYds 14

J -

Tf we were 1o afempi+ais direcrly, then cur| £ = | L - E - ?
we do not - 2 > 2 I £3
inclvde the base e W Le

-x e® -2

R=<TY,2) S0 curl Fons-yze’ ¢

(#) = \Us’g.ieﬂdA . ¢ Too hard 19 compute.
n 7

By 6toLe! Theorem,
)= f;s F-dS with 35 oriented positively w.rt. the orientation on .
8o the psitive orientarion of 5 s counter clockwise j.e. we gan take Xty s St , Y(t) = §int; =2(t) =o
for t € [p2w). -
8o fas F-ds = f;s Fdx+ Fody *F d3 = f,, [F.l“th;))di% * F;(jcw)%w,um) %E Lte
= I8 (-sint-costt)de = I o €)de ing " sint ’t-cost'k(ost /\‘=0 .

:-zn:.//

Note - noming Special olbout the hemisphere only the foer it bowrdary is rhe Uni+ epnere in the XYy -plane ard the Jurface
6 s nice.

}h’ Then agmr\, -I]g (U BY dé= -2,

N (irdigpendent of- Surface) .
-ej 2

gxample 1
Let C be the intercectipp of the Cylinder 9(%3%! and the plane A3z oriented S.t. the Prgjection down onto The
y plane s (unjorcloewise. At J, sy e ()

ANS
We haye F- (—321‘,-%’)
C bourds the portion of e gmaph %=/'7‘fj where ’)(‘fy"é(.

- .

cwrl F=| 4 4 £ /= b

T 2 2 2 0

(.0, A X A
- oy - | Uty

But vecalt the 5w+g% mrcgtgé of G3{6;,6,,635) over tne Graph of o furction Z>E&(7,y) can be computed 4s.
[c&as= [, (56 556,m6,) dndy
N the domain of §
Takng G=wrl B, i€, 6y,2b1220 big® 34 r3y"
we et

[ cunt B a8 ‘-{ffw’w)zmdg: 3L 15 radgar s Gufyodes 2/
f"-tvlﬂ}

By Stokets tnetvgn (t)= 3T.

Note: chect érokes thearem nolds in tms £xample by computing (ﬂ directty uwj the pdmm of-C given by
Llt)> Leosk, sint, |-cost-sine 3 -



Rpplicatipns
Recall if n iS the wunit normal of an priented Surface &, then H G-as = U(e 0n)AS ()

and gimilarly, if T ic the unii tangent vector 10 a curve C, rwen fJ”e ols 3 f(o “TYds (X«)

Taking G=curlF in (%)
and G=F In (X)
then stokes telis us that g (eurtF-nda§ = _Lf (F-T)as
- __IJ
surface m&egral of path integml of the

normal Compbnent of +ongential componens of t
curt F. along o<,

Stokes theorem allows us to convert between “poinrwise” (or "differentmal”)  formuiations and "mmamv' formwations of
physical laws
For exanple. et B Dbe & line-dependent magnefic fied in LY inducing an electtic ¢ield E . Let € be an oriented curtace in A
with biunoawy curve C. ag
\ one of maxwelfs equations is cut|E © 3t 4O 28

g Tnfegrating (k) over € gives: chrlE as : ff ot "ds

L Bur stoKes thearen saye’ chrlE 4s-Je- ds

and also ff SpdS < at UB as

Hence fe oS = - 5¢ ffB dr
which [s Foyaolpys law tne voltage (f E-dg around C is minvs Hhe fare of change of tne maanm‘r/ﬂux Mrongh .



[Section 8.2° conservative vector fieds

Recall :
) If frasm"R is c*and n=2or 3, then curi(vF)=0

. of of
(with +he convention thas when n=2, V¥ = 3x, 5y, 0))

i) if fec and c:0a,0] 2 R" is a piecewise ¢! param of ¢ £R" then LVF v = FLeP) - F (el@))

conservative Fields
@ when is a given vector field o gradient freld?
nNote: The cwurlE =0 (s not suffident 1o conclude F =Vf Ffor some f.

L
However, tnis equality —cwrl F =0" is swificient o obtmin E :Uf oS long as yowr domam is “simply connected ”
staytpoint = enolponit —l ¢ No self intereeLnons
Definition: A domain o= R simply connected if every closed &imple Curve can be continousty contracted to a point

while remaining ns2.
B - fz-axis} X

X R3-$0F Vv

v X

~ e )
cavno+ be contmacred  a point.

Theorem:® let h=2 or 3, ler F: .2 sR">R" be a o Vector field, derived on a simply connected domain L. Then the
fo\\owmg are ev‘rm\/alenf:

1) For any oriented ¢mple cloSed ecurve c <o, fc E-de=0.

() For any 2 oriented simpie Curves c©, and ¢, Cwntained in ) wirh the ¢ame Start and end poind s,

[e-as = {Eas {\/

C2

) E=YF for some fect(=)
W) curl F=0  (whese curl B means cuni{F, ,F, 407 iF n=2.

A vector field <atsisfying any one (Gnd hence all) of the above is caligd Conservative.

sketch proof in 3D: i) —>ii) eXercise
)= i) suppoSe for gimplitity [0,0,0) €02
let £(%Y,%) =‘f£-ol§ where C is any oriented Simple turve \ioinins (0,0,0) 10 (XY,2). Then show 9F = F
iil) > iv) sten pefore stoke'c
i >1) Let c< £ beany simple closed curve and [ef € be any urface whose boundary i C. Then, gf dg = H‘oml E-ds=0.

We call a vecror field F saﬁ.sfyfn5 Curl E=0 imptahional - Hence, o vecror field IS imgfariongl & it is a 3radfen+ Hed ondis on a

simply connecred domain.
Tr F=Vfy We call £ o porential for F.



To find f’,

o wxy1shy O OF £=X°Y2 +0s¥ 190y 2) Howwe) ~eax(¥) ] (3,037 hCAY) *plxy)

K ) >0

39 X2 O = x4 X2 &0

kS

7oAy ® @ f=ayat+piny) £ Y,2)= YT “epgwt C //
B2t ler E=<eteiny efeasy, ) omd ier C be parom'd by k. t2e ™y for ocpel Bod (, Boas
Arst owrl Bl 1 L kB |3 [0

3 2 2>

> 55 P%

e’&(njéstg 2
Hence by owr tneotem, F>9¢ for some 4 and LF A8 = F L))~ FLEE) = £(1\e)-F0,0,1) .
To ﬁnd f:

of

S esiny = £ = e"iny *g(y, 2> Tave pluy) = e%siny

3 Te sy D £ = eing + i) hiX2) = Ply,2): 22, S
2 e0 = £ 2774 piay) £00,y,%) = 7siny + 723

0 1,607 F(0,0,1)= esinN+31E-%./

Q: Does divE=D = E=curib for some vector fied 6?

AnSwer : yes, but we have to impose Morc on our domain,

Theorem: 1 F is a ¢' Vector fieid on R with div E=0 on R then there exists a ¢t vector fields G st curl G=E.
Tdea® we oan find @ vector field & which works &t 6=<0,6,,0)

i i K |2/ -9:b . Fy
Then curlG = | - = - |- 9 wapt ths t be eqpaul o Ry
3x 3‘5 31 ;%c’l F,

C’\ C17_ ° dy G-," 936,
T
026,=F, & 0Oylxy,e) =~ yo Fixy,+)db 4% Y)
2:6°F 7 6 L Rixy)at
uhere (X,y) s 0 be dewrmmwl.//

ex’ let F {0+, 223y, y) in R} Does trere exist G 4y, ourl 6= EL
Tf 6o, findl o0

pns: divE T 2x-27+40:0, so G exists.

6, (xy,2)* Js (k- 2xy)dt = [1ee- Lyt]tlg : é—_z"—kxaz

O, 14,9,3) :'fo%(?ﬁl)a(’c Hiny): (X +t 1% TGlxy) T o0 *Any)

curl @ = | - R 2 LSRN x4l
o 2y PAN 222y = | z-2xy
L ~E (4D
S LR 2 o qleyytne ) \ExgY)
v
want thig = E = o S0 we wont dyg(xy)=y SO WE can t0re §iAd)=Xy.
1-171Y
J

Ex 1 F=(yy a* x?)y +hen divF :0, so there extsts G &t. curl G =F
G, = {0 v = 52
6,0 yrolh ¢g (%) “ -y rg(xy)
03:0
deyte

l.e 913[7,14)-‘7‘2
N IS want = v .

oz 3y 2 | = X3 t < i.e 9&,\5)551?
32’ ~Yr+gay) o —91‘31e+31‘}(’1>‘93 2

3 1
%, 6:(32, -4z +37% 0)

I
&
ar

ot
-~ —
-
‘t— \
\N
<
~



[Section §.4: Gavss' Divergence Theorem|

Recall: Greeris + StokeS Relared integrals over a Surfate to inteqrals over the surface’s boundary curve,
3
oivo\rgcnw theorem will relate an integral over a plomain (n R0 An inregral over the poundary surface(s) of the domain.

bivergence Theprem: et weRY he A regon with piecewise smooth boundary 2w, orien egon voundary Surfile in sw
with the normal pointing out of the region W. Suppose £ is a ' vector Field on w. Then ”ufJ div F dv = gﬂf'd},.

Recall: Tnterpret abion of olwugenw'- T8 F 1s vetocity vector fiewd of o Huiol, +hen av F 1S the (ote of expansion
Per unit volume wnder the fiow of me £iuld.

div £ >0 O expansion

div E<D €YV compresson.
So ﬁ; div B dv measures tne net rare 0f expansion of e flnid within w.

On e other nand | an E-ods  (wirn 2w orignted out fromw) 18 the for Awx owt of +he region W,
i.e, e nerrate of which the finid {lows ont of W.

&0 the div theorom says: the net rare of expanson of fiid \s wirhin & volwme W s eqyta.l 10 the net rate of €low out of
the voiume (no ¢uprise fhayr the diy theorem comes up M conservatipn laws in Pnysics.

Note: when O fiwid in inwmprefsible, i.e. when diyE =0, Then div thearem (ays ﬂaw E-dS =0

Thig 15 10 be expectel  if 0 fuid (s incompretivie, men the amount of flwid in W muct he eonstant along thetlow.
Py fluid %lowMg out of reyov\ W muct ve palanced by the same amownt of fluid ﬂowma o the region W.

i-e, The qptal £ux 1s zero.

More 3wwll\;. for o Pysical vector field &, one snowd view points where divF 20 as benq sources for E
and points where div E <0 qs veing sinks for E. So div Heprem says Hhat™+ne net (ondripwtion from sources and
elnks mwt natch txaetly rne net fuy owt of W.



EX 3 F=iy,x, %0



