
 

chapter1 theGeometryofEuclidianspace

section1.1 pointsandvectorsin2Dand3D

ndimensionalspace pordermatters
Fornz1 IR isthesetofallorderedlistsof n realnumbers
eg L4 ER É 1124

Wecanrepresentpoints i.elocations in n dimensionalspaceusingelementsof R

Pilar
az

i
car a and 2,44 are thecartesiancoordinatesof PandQ
a andas arecalled coordinates of P
cartisianreferstothefact thatwefixedtheoriginandthemutuallyperpendicularaxisgoingthrough
theoriginPointsaredescribedrelativeto theorigin

Igs
displacementdirection distance velocity directionmagnitude forcedirectionstrength

avectoris ndimensional if it issituated in n dimensionalspace
writevectorsas a at or a boldface

Wecanusearrowsin ndimensionalspacetorepresent ndimensionalvectors

9 Theserepresenttwoof
thesamevectors If ar E Hi 92 a and azare

vectoradditionandsubtraction
Weaddandsubtractvectorsbyaddingandsubtractingeachcomponent
egin3D La as as I bi ba b La I b actbe as I b

a b toaddvisuallyputthetail g I Ijainof bwiththeheadof a

a
atosubtractvectorsgeometrically picturea b as a cb

A negativevector oppositedirection E a ka
scalarmultiplication
multiplying avectorbyascalarcorresponds toscaling
If a ER Ma az a saa aaa aa

h

i If pcan as as is apoint itspositionvectoris ca as as canbedenotedasof
jiffy regardlessof locationtheyarethesamevector



Ii If PandQaretwopointswithpositionvectors a and b thenPI b e Of of

a a z Q is

pps

iii wewrite 1 4,007
I o no theseare the basisvectors in R
0,0I

It a a as as then a a I t azl task

Lines
Q canwegetaformulathatgeneratesthe
positionvectorofallpointson a line
givenapointwhichtheline y it

positionvectorofanotherpoint
ontheline

passesand avectorparallel to theline
If youvarythecoefficientof I yougetA If thelinepassesthroughpointPwithposition
adifferentpositionvectoronthelinevectora andif thelineisparallelto u

thenas t variesin IR atty generatesthe
positionvectorsofallpointson the line wewrite Itt et er et er
this is theparametricequationfor theline Tparameter

Example findtheequationof thelinethroughP 3 1,2 indirection I 2 3 4
Answer a 3 1 27 hence

Ect 3 1,27 t223,47
3at 1st 2 4 7

Q canwedothesameifgiven2distinctpointsonthe line
A Yes If PandQ aresuchpoints thenvector pot isparallelto theline so I PI in theabove
Moreprecisely if a is thepositionrectorof Pand b isthepositionvectorofQ then
I PIhence
yes atte att ka at ta ta

I E a tbt TER
Note ratherthangivingthesignof a lineparametricallywecaneliminatetheparameterandgivethe

coordinate equation
If Iles a tee thenthe lineisthesetofpoints x yz suchthat
x a t tr y art th z asttv

If v vz vs 0 thenwecaneliminate t asfollows
x a t tv y artery

ya
i 49

1

91 251
te II

te II
z aster

x a er

Linesegments
If wewereto consider t in a finiteinterval we'dhaveaparameterizationof a linesegment
P
a

take to in the i t at bt ter
40 i o a yo a

take to
Eli Li1 at b i b

sowhenwerestrictto tecoi weobtain a parameterizationof a linesegmentbetween PandQ
It eg v O thenwecaneliminate t asfollows x a ter

na coir a IT IT
o 5 7



Planes
Planesthroughtheoriginaredeterminedbytwovectors I a parallel toplaneassume I isnotparallelto 1

a

wesay I wespantheplane andwewrite Elst set te es ter

p
If thepointpassesthroughpointPwiththepositionvector a andisparallelto
Iand I then

g

Eis p g set te ese e p

Example findtheequationofa planethroughpoints Ploo is acoc o andRC32,5
vectorsPIandPIareparalleltotheplane
wecantake aPI andwept
I PI so i o o o i so I is ÉPr 32,5 coo12 13.2.4
q positionvectorof p coo is
wehave Ecst soo i so i i t t 32,4

section1.2 InnerproductLength andDistance
InnerProduct
If a sa az a E a I as task
b bi bz bs b I badt bk

wedefinetheinnerproductalsocalled dotproduct tobethenumber
a b ab ta bata b canalsobewrittenas a b
eg E Ig ext Cox6 4 5 to20

agentatp tiesatgwew.net É
if

henyoumultiplyavectorbyitself itwillalwaysbegreaterthanorequaltozero
ii aa b a ab aca b
iii a b e a k t g e theinnerproductisdistributiveoveraddition
a b e e e E e

in a b b e
Magnitudeofvectors
GeometricProperties recallthatthelengthof arectora a as as is 11all Vartan Iggyso theinnerproductcanbeusedtofindthelengthofavector

Moregenerally ifwewanttocomputethedistancefromPtoQ withpositionvectorsa b thisisthesameas
computingthemagnitudeofPEi.e
11PII AKell Vibraistcbeanatchast Vibatalbat

Anglesbetweenvectors

Jo
Theorem If a b arevectorsin R andOsostu istheanglebetween a b
then a 1 11all11111coso



Example1 Anglebetween a b 1 4,0oy so t saysthat 1 1coso i.e cos0 1 i e 0 0
Example2 Anglebetween a I and b 31 so t saysthat 3 3cosco i.ecos0 1 i e o t
example3 Anglebetween a ititleand b it't k

a b 1 1 1 1
1 BEcoso ie 5 050 ie ocos I 271

cosinelaw Ilkall yall'tup112211am jj't
b tabcoso

proof 11111

EE lbE
I e g g 21 k t b bI aay If12gb Went 11 1211allll'llcost

a k 119111lbIlcost

H tellsusthatif a b 0 then ab o coso o e o th because osostu
Hence theinnerproductprovides a testforwhether2vectorsareorthogonal akaperpendicular

consequencesof
isCauchySchwarzinequality
la bIs1191111211withequality G E kparalleloronebothisQ
liltriangleinequality
letb11Ellall 11h11

ti

z
theorthogonalprojectionof 1 one is theamountofethatis inthedirectionof a

tight I p q catq I a teagta allalltag
c Yat

Definition theorthogonalprojectionofyonto a is a
note theprojectionof yontoa isthesameastheprojectionof eonto aa foranya 0 I isnotlimitedbye
ExampleFindtheorthogonalprojection I I tj onto a 3itja
I

f 3 I I FiatE E e 3

Definition thescalarprojectionof I onto a isthemagnitude akalengthakanorm oftheorthogonalprojection
ie 11111141791 YET11all Faf 114411101 livillcosol

section1.3MatricesDeterminantsandcrossProducts
Matrices

Definition A man matrix is an it byngnappyof realnumberseg a 22matrix

E
smatrix

I
If men wecallthesesquarematrices
Noteyoushouldthinkofanmxnmatrixasbeinga linearmaporfunctionthattakes ndimensionalvectors
andreturns mdimensionalvectors

E Y is I
eats s
atsb

Eutinputs



MultiplyingMatrices

If A is a manmatrixand B is a pxq thentheproductAB is welldefined n p
Toobtainthe i j entryofAB takethe i th rowof aandtakeinnerproductwiththej thcolumnofB
eg 1 3 9 exotax it csx2

mostcanscoxes it toys
2 3 3 2

Note thepreviousexample is a specialcase ofmatrixmultiplication if weviewavectoras an nx l
matrix

Note if weareviewingmatricesasfunctionstakingvectorstovectorsthenitmakessense toaddsubtract
multiplybyscalarsthisis alldonecomponentwise
eg s 8010 80 3 I
s ET 38E

Determinant

wecancomputethedeterminantofanysquarematrix Thedeterminantof a 2 2matrix

q isthenumber Ig anazz azan

I l ant l anta tan lag I
Eg y I 1191 a Ii to 59 1 1 2110 1 to 1 22 23

PropertiesofDeterminants
i if youinterchange 2rows thedeterminantchangessigns 4 if 2rowsarethesamethendet o
ii if youmultiplya rowbyascalarthenthedeterminantismultipliedbythesamescalar
iii ifyouadd amultipleofonerowtoanotherthenthedeterminantisunchanged
Noteyoucanreplace row ineverystatementabovewith column

Intuitivelydeterminantsof an nxnsquarematrixmeasureshowmuchthematrix is considered as a map
IR R distortsareasvolumes in IR
Matricesare a mapping so if its amapfromB toIR underthismatrix itmightbebiggersmaller
buttowhatextent

n

grief
terminants

determinants I
crossproduct

Defnthecrossproduck vectorproduct oftwo3Dvectors Ex 314K x I I 2k
at a I t aaj task
b bi t bad tb k

denotedas axk isthevectordefinedby Ilfi I 3 I t 1 39

y

ti
axe 15 ab i 18 It 19 e

I o 4 I 6 4 I 3 1
41101 4k

Youcancheckthat axb 1 9
Thispropertyimpliesthataxe isthezerovectorforanyvectora



Thecrossproductsatisfies
i axBK re BEXE OEXE
IDKa pb x e a Axe t pLbxD

Youshouldalsocheck
IxI K
IE I
ti I

I I
sinceaxb isa vectorwecantakeitsinnerproductwithanothervectore to get caxb E
Thisiscalled a scalartripleproduct
ext e f i 1 I 19 9 is e i tezit cat c ca8 c

t 11 at

Thefundamentalpropertyofthecrossproduct
thus If a b Q and a tab thenaxk isorthogonal toboth a k equivalently it isorthogonal to
theplanethroughtheoriginspannedbyaandI
Proof Recallthatanonzerovectors are orthogonal theirinnerproduct o suppose E isparallel
totheplanethroughtheoriginspannedby a and k i e I aatpb forsome a B notboth
Thenby t cax2 e 0 sincethe3rdrowis alinearcombinationoftheother2 rows
Hence atb isorthogonal to c i.e axd isorthogonal toanyvector intheplanethroughtheoriginspannedby
a k and in particular orthogonal to a k

Finally if OfOttoistheanglebetween g 1 then anylaxbl lallllbllsino
compareformulato

latifilallllbllcoso

A
10

AreaIABsince

9

I I
thenareaofthistriangle
is 1191111111sine
IllAxtell

Hence MaxIll is theareaoftheparallelogramspannedbya k whena bare3Dvectors
In particular if aandI aretwovectorsintheplanethen wecanconsider a bas vectors
in3Dwithzero k components i e a a as o and b Lbebe107
thentheareaoftheparallelogramspannedbya b
11

flag1,41 1119 tell 19h11
Fromtheareaoftheparallelogram determinantofitsvalues youcanseewhatthedeterminant represents areavolumes
Hence theabsolutevalueofthedeterminantofa 2 2matrix gg isequalto theareaof theparallelogram
spannedbyLaAz bi bi



Alsotheareaoftheparallelepipedspannedbyvectors a bit istheabsolutevalueof
a thedeterminantEi
Plane
Recallthatif aplanepassesthroughapointw posrec a andparalleltotheplanespannedby I wethen
Is t at Sette CSt EIR

supposewe'regivenapointPo yoyoto throughwhichtheplanepassesandavectora AitBItCkorthogonal
totheplane

f JjpIpIy.z thenapointP lxy t belongstotheplane 7Potisorthogonal to a PT2 0
ButFF LxXoyYo ZZo
Hence Pip1 0 E AlkXo Blyyo ZZo 0 i e AxtByCzD o

e whereD AvoByoCz

Example Findacoordinateoftheplanesthrough p 1,11 Q 2,010 R 141,0

Tie
we II o
hence I PIXPRisorthogonaltotheplane normalvectorsareparallel

E it so a c

note 2Planesareparalleliftheir

sothesignof theplane is 1a 1 Ily 1 0171 0 i e xty 2 0
section1.4cylindricalandsphericalcoordinates
a

ap

p
wedenotepolarcoordinatesbyerowhereoarsx and osoeat
xercoso

s yrsino
eg in2Dthecircleofradiusis x y2 1 butinpolarcoords thisis r 1

cylindricalcoordinates
an oixy z

y gg

togetfromcartesian xy z tocylindricalcoordinatesCroz wesimplyconvertthefirst
twocoordinates xyintopolarcoordinatesandweleavethezvariableuntouched
iexercoso yersino z z racy

whycylindrical In 2Dpolarcoords
thecurve ra is acircleofradius a
butin 3D ra is aninfinitecylinder I r a

w

sphericalcoordinates

p 0,4 arederivedasfollows p Inayat O is as inpolarcylindrical
coord of012T and oses it istheanglefromthezaxistothepositionvectorofthepoint I

xi.tyj.tze.gg
wecanseeeisthesolutioninoneet tocosy Fit
Fromthepicture wesee z goosy r gsing lossesosoeat osestowhere ero z arethecylindricalcoords
Butxercoso goinguse and yersino psinesino i.esphericalwordsrelatedtocartesian



chapter2 Differentiation

section2.1 thegeometryofrealvaluedfunctions
Herewe'lllookatsurfacesderivedbyequationsthataresatisfiedbythecoordinates x y z oritspoints
i thesurfaceAixXo Blyyo cazo o t
means thesetofpoints x y z satisfying
ii thesurface x'y'tz
meansthesetofpoints xyz satisfying
iii thesurfacey X
meansthesetofpoints xy z satisfying

isaparaboliccylinder

Itmightbehardtopictureasurfacegivenjustitsequation
However ifoursurfacesarisesasthegraphofafunction R IR wehavethenotionoflevelcurves

Let uelk be adomainoffI Ii n in wean emwhere nman If ma wecall t scalarvaluedotherwisewecall
f vectorvalued If n I wecallf afunctionofseveralvariables
eg fix x2 t R R onevariableinputonevariableoutput
f x x sx f R R2
fixy x ty f Rhp
fixy x ys t rape

thegraphoffunctionf uER IRisobtainedbyplotting fix xn foreach x xn tu
eg f o I e f x x Thenthegraphof f isobtainedbyplottingtix i.e x foreachXEcoi

Levelcurves
wewanttodevelopanunderstandingofhowtoplotgraphsoffunctions fine1122 IR
KeypointBuildapictureofagraphof f R IRthesamewaywebuild apictureof a3Dmountainrangeusinga
2Dpointwithcontourlines

thevaluescorrespondwithe
heightof z

EgConsider t R IR fixy xay curvesinthexyplaneofconstanttcorrespondtothecontourlineof the
mountainrange andthemountainrangecorrespondstothegraphoff

raisethelevelcurves
tothegraph is

eachcrosssectionis acircle

peen letf wer e and c e r Thelevelcurveofvaluec isthesetofpoints xyJeu st fixy c

If f use IR thenthegraphoff isthesameasthesurface z fixy sosometimesweuse z inplaceoff xy
andsayeg thegraphof z x y



egsketchthegraphoffixy x2y
Methodsketchthelevelcurves contourlines correspondingto f variousconstants thenassemblethelevelcurvesaccording
tothevaluesoftheseconstant i.eheights

Ofvalue 1 x y't E y I Fa iasie ahyperbolathroughthepoints I1,0
ofvalue4 x2y 4 E y txt

Iie ahyperbolathroughpoints 72,01
ofvalue 1 X2y2 1 G x IFT hyperbolicparaboloid or saddle

notewecangainabetterunderstandingofthegraphof afunctionbylookingatwhathappenswhenwe intersectitwith
constantsof xandy intersectingwithplanesofconstantz arepreciselythelevelcurvesafterprojectingtothexyplane
eg fixy x2y if weconsiderthesubsetofthegraphwherexo i.e theintersectionof thegraphwiththeyzplane
weget floy y or z yr

NoteNotallsurfacesarisesasthegraphsoffunctions eg thesphere x y'tz I cannotbethegraphofafunctionsince
functionscannotbemultivalued

twopointsmappingfrom ay

Petn letf usR IRandcer Thenthelevelsurfaceofvaluec isthesetofpoints x y z isthesetofpoints
xyzs t u sit fixyz c
Eg levelsurfacesoffixyz x2ey'tz ofvaluesoraresphereswithradiiofc
E.g Describethelevelsurfacesoffoxyz xity z

o x y z o E z try
whathappensinthe case goxy Fay

ray
Janeyx

Yfay



section2.2Limitsandcontinuity
thecontinuityanddifferentiabilityofmultivariablefunctionsTheserequirethenotionofalimitandlimitsmakessenseinopensets
Openset
beentheopendiscofradiusr centeredat toyo ER isthesetofpointslessthandistancerfromixyo

Iggy theEltedelningshotincluded note ifweincludetheoutercircle
we'dgeta closeddisc

Deen let uElk wecall u anopenset ifeverypoint xy tu thereexistsanopendisccenteredat xy whichiscontained

Ex nonex feesnatefregion

Ithastonodforeverypointinthedisc

Notetheabovedefnsgeneralizetootherdimensionseg in IDreplacediscwithinterval andin3Dreplacediscwith ball
Intuitively asetisopenifitdoesn'tcontainanypointsonitsboundaries

Boundary

DethA neighborhoodofpoints xy eR isanyopensetcontaining xy
Exanyopendisccontainingexysis a neighborhoodof xy

Defn letuEIR Apoint ixyER isaboundarypointofu if everyneighborhoodof xy containsapointin uanda
pointnotinsideof u
Noteaboundarypointof uneednotbelongtou
Ex if uopendiscthenallpointsonitsoutercircleareboundarypoints I ÉÉa

incircenaifoutbutnoneofthesepointsbelongto u
If u closeddisctheoutercircleremainsastheboundarypointsbutnowtheseelementsarepartoftheset

Limits

Inwhatfollowswedenote x xn Elk byx avectororpoint Assume n 1,2ors
LetUEIR beopenLet t uER Ir
Intuitively fhasthelimitbe r asxtendstox ifthepointsfix getsclosertobasthepoints Igetclosertoyo

DeensupposethatXoiseitherin u orisaboundarypointofu LetbElkwesay fhasthelimitbe r asxtendsto1
ifforall Eo thereexistss o s t if a eu andOcUxtoll28 thenHHblCE
ie fhasthelimitbe r asxtendstoxo ifwecangetfixasclosetobaswelikebytaking asufficientlyclosetoIo

Note SwillingeneraldependonE

wewriteIhofix b or fix bas x x

Notewedonotnecessarilyassumethatx belongsto u thisisanimportantfeature e.g gxo thx É
becausewemustmakesureit incorporatescertaincases inundefined at x to

R2
go5T RIf if edecreasesthen8decreases



Extlet f R R fix y it xtoit x o I
I 5f.IETntbtosnowthatthereexistssome sto sit if ochyoles then Ifix se
Butif 0 1 1 then xto hencefix 0 so och Ifix toCE
Henceanyvalueof 8oactuallyworkshere

Ex2 letf IR 0,0 IRbe fixy sMÉÉy

claim Giftscoofixy 1
FixE o showthereexists80sit it allexylies then Ifixy I CE
ByL'Hopital Lingsik Ctx

thereforethereexists 8 o sit ok ks SF I E

withoutlossofgeneralitySal thusif oclayslies then o day11 xty 8 8 andhence
Ifixy it YETI

bytaking axey in

Ex3 CxMtcopEtty doesnotexist
Asweapproach oo onthe xaxis wherey o ourfunctiontakesontheconstantvalue1
Asweapproach oo onthe yaxiswherexo ourfunctiontakesontheconstantvalue0
Hencethereisnolimitatcoo becauselimitsmustnecessarilybeunique iftheyexist
It ftp.fc2 b and

himfix ba then b be

Propertiesoflimits
ishimCfa cliffy
ii lyingIf g x IIIfi dim99
in If M l

iiiin If meand xx.tl 0 the

continuity
Defn let f usR IRandtoeu wesayt iscontinuousat x t u if III fix tho
ie forall e o thereexists s o st 117Xo11 8 Ifix taxol ce
wesayt iscontinuouson u if f iscontinuousatallpoints to Eu wecall fdiscontinuousat toEu if it is not
continuousat Io

Properties

itfctscontinuous at to of ctsatXoforall xEIR
ii fg ctsatto ftgctsat Io
iii figctsatyo fgctsat Io
in t ctsat Ioandfix to f ctsat 1
Isupposeg usrn Randt wer r andgenew so fg isderivedonu If g isctsat x.euand f is ctsat
gexolew then fg uErn R isctsat to



Ex letf h ithbe
foxy shifty if ixy 10,0

I if ay coo
then f iscts
x andyeare its x2 y arects
sincts sinxeyescts
ixy coo Ey isits
iii sinx y x'tya is its awayfromcoo
Finally because a conSMITH L flops wearectsattheorigin
Hence f isctsonthewholeof112

Ext Foxy z since j t ly z
y 2 is its É ly 2 iscts
x'tz is ctsandetiscts ext iscts sin ext iscts
since'm lyres is cts oneveryreal



section2.3Differentiation
PartialDifferentiation

If fixy isafunctionof2variables thenthepartialderivativeof f withrespecttocwr t x denotedasEx is
obtainedbydifferentiatingfwithrespectto xwhilekeepingy fixed treatitasaconstant
Thepartialderivativewirt y denotedasEy isobtainedbydifferentiatingt writ ywhilsttreating x asfixed
eg fixy e siny

aeasincy Fy e cosy
Deth letu er beopenandsuppose f usBMRLetex xn denotethevariablesofourfunctionthenforeachis in
thepartialderivativesof f wrt xi akathepartialderivativeof f inthe ithdirection isthefunction
3 ping t hi.it xn thn m itsuchalimitexists

wedenote xoyo thefunctionofExevaluatedatthepointXoyo
eg It Lysinxycosoxy
BI 1to 2Tsin e cost

Differentiability

It ispossibleforthepartialderivativesofafunctiontoexistat a point butforthefunctionnottosatisfyourintuitivenotion
ofbeingdifferentiable atthatpoint likenearitsend
Insteadwedefineafunction t u ortobedifferentiableatexoyo tu it
is ExEyexistsatexoyo and
ii thetangentplaneatexoyoprovidesagoodapproximationto fnearexogod inthesensethat
fixy fexoyo ExXoyo xXo 251190Y90 o as x y exoyo I

11xy exoyo11
Notationwewillwrite Ifnoyo fortherowmatrix ExXoyo Eyexoyo
so t becomesfoxy fixoyo Ifxoyo EY

11Cxy Xoyo
0 as Gay exoyo

Moregenerally ifeachcomponentfunctionfi i fmof f usentitemhaspartialderivativesexistingatXotu
wederivethemanmatrixPfXo

Io Ie to IfnCao wecallthisthe
i derivativeoff at Io or84,120 342110 34412 ii differentialoffat to or

i hitthematrixofpartialderivativesof fate
gym gyp ii gig n ne y y

wethenderivet usin amtobediffableat x.eu if
i thepartialderivativeofeachcomponents tnexistsat x and
lilzing Ilfix fro IfXoexxolllthenxtcolumnmatrix oI 1011

theorem ift utRnRmhaspartialderivatives IF allexistingatnoand
andthesepartialderivativesarecontinuous intheneighborhoodof Io thent isdifferentiableat Io

Examples

D f p B2
tixyz yesin xyzz
fit Exayo z pf It If ItIf If 2

coxes esinx o

yz2 x222xyz



2 g RR Is gafg
gixy e'sxy y
pg4

179 374.91 everywhere
y Tsay Ye Ig

arethesefunctionsdifferentiate

Recall ifpartialderivativesexistandnt

theyarecontinuous intheneighborhood
39xy 3 119 ofthatpointthenfunctionisdiffble

3Goingbacktoflyy x 3y't
Ifixy BxKy's tyingy

Wecanseethattheseentriesarenotcontinuousat theorigin

Thm let f us in ambediffbleat toeu then f isctsat Io
Noteexistenceofpartialderivativesat now isnotsufficienttocontinuityatthatpoint

If fineRn it isscalarvalued sothat If to Ex118 Fx Io isa lx n rowmatrix wederivethe
gradientof t atXoby
TfIo 24,110 s Itn Io

eg f R IR f xyz exo zsincxy
Ex yentyzcosixy
Ey xe xzcosexy

z sinxy
Hence OfIXYit Lye tyzcostxyyitlxextxz.cosay j

Linxy I



section2.4pathsandcurves
DefnApathinR isamap e ab Er innWecallthesetofpointsecesthecurveparametricizedby e
andflat I baretheendpointsof thecurve

I
sinceapathisarectorvaluedfunctionwecanwriteapath c ab ith ascomponents acts oncts
eg in3Dxcelyetzits

thinkofactsasbeingthepathtracedoutbyaparticleovertimewitht asthetimevariable

It'sreasonabletocallace him tht myattempt i shimcnet.at sects anices
thisisthevelocityvectorofcattimet assuming I isdiffble

Iftherectore'ctsisdrawnwithitstanatacesthenit istangenttothecurveat Ect assumingthatactsto
inwhichcasetheparticlehasmomentarilystopped

Mitt
b In particularthedirectionofcit givestheinstantaneousdirectionoftravelattimet

g

Alsoweseethatthetangentlinetothecurve atEltoniselesEcco tc to t to

Linen's

dendrophile

roomie

I
like

branches



section2.5propertiesofDerivatives
isif f uar pmisdiffbleatEandCer thennet ctextisdiffbleattowith Ina cities
ii if fig ucanemarediffbleatIo thennix tix gasisdiffbleatxowithBhcx I'tho Bgexo
iii if fig uer Rarediffbleattothenhit'sgexoBfXo tfexo Igexo
in iffiguc.ir RmarediffbleatIoandgetto thennixtgif isdiffbleattowithinIna 9 tÉÉÉ B

chainRule
RecalltheIDchainrule if z fly andygas wecanviewzeitherasafunctionofy Z fly orasafunction
of x z figx Thechainrulerelatesthederivativeofzwithrespectto x andwithrespecttoy
Eyx Ifexigfix f gasgex
Inmultivariable
theorem letusrnand vermbeopensetsletguse amand fvermont
suppose glutsr sothecompositionmappingoffog ucRn irmiswelldefined supposegisdiffbleat toeu andtis
diffble at gexo ev thenfogisdiffble attoeuwithIggy pÉfÉfgiffmanExample

suppose f R itisdiffbleande p it isadiffblepath In components
aces yesyeszees

leth foe IR IRThentheDfoe isjustgoingtobeanumber i.e a 1 1matrix
Thenhit fleets fixit yetzees
satisfies37to Elfocktol

pfucktolWIN afield
Dgto

3441351141 14 1 331 in

FILEto Etcto tEyEto facto EzCelio É to
orjust37 34 353131Ee

Notewecouldalsowrite as Pfactor c to
k victors

Example2
suppose f fluVW DEIR

g gxyz uhyz vexyet whyit
Derive W fngsothath1123 R with hayz ifluckyZ varyt waxyZ

ÉÉÉgÉjig to Ina elfg to

now 29111 1351,1 EEEÉLo
IF19110 Eu31Ew geo

therefore

1410 Eu Ew Ho ÉÉÉEEEEEE a

Effy 28Ext Ex columnt
u yt Ey 389 cawmuz 2519110EyXo
57 Ez zzw mannn

9 8 9401Excy

Ewgud32110



4EuExt ExEw37 Ey 2z
Ex fluviwjustwvzgcx.ptXyzeYsinx
Lethfogie hayzffxyzedisinx

we'regoingtocomputeExas afunctionintermsofxy t
i usingthechainrule
ii directly

i wehavegotyz ult yz varyt way2

w sinx
then EntEnExt Ex iffyYYÉ

ayguyyz Lswr o v40
3xyz yz eYt cosy
324323 eZytosy

lil nixyz flXyzeTtsinx
if u Wvu

f Xyz sinx eY
x3yz sine2yz

x 37243231come2yz
shefults

Example3
HamasturnttYing tip
guy 52 1 zycostaxitxityT IR51123

Thenletw fog1221123 so Inco If19110 Dgczo
suppose to exoyo

1 E

I 1 im
gro sto ti zyocoslzxol.mx yo

Ift o uxoris
I I 1

Thereforewhatis Inca i.e to'svalues

Rgiii fisince
again iÉ É I multiplymatrix

1191411 9
is D
1yg g

therefore

Dhl l DlfogsEli btogaDIga i

1493911411 Esm In



section2.6GradientsandDirectionalDerivatives
Dern let f R IR Thedirectionalderivativeoff atthepoint I inthedirectionofa unitvectore isyim theft
orequivalently tht tt to
Thm If 1123IR isdiffablethenalldirectionalderivativesexistandthedirectionalderivativea e inthedirectionofa
unitrector I V ve Eaff x matrix
i e VTEA V2EyCI V3EzE
Note ifyouwantthedirectionalunitvector inthedirectionof anonunitrectoryoufirstneedtonormalizethevectorbefore
applyinganyofCtx
Proof

DEchainrule Let eces ette so fatty thecell Thenweknow EfeltEffectsEilts
Evaluateat to close acopy
Hence Efleets to ofex I

thussupposeofx thenthevector of a pointsinthedirectioninwhichf isincreasingthefastestat 1



chapter3 HigherorderDerivativesmaximaandminima

section3.1 IteratedPartialDerivatives
suppose f fixy aepi R andsuppose Eyexistsince ItEyarethemselvesfunctionswecantaketheirderivative
2 É definition

Ifx Ey If eexampleof a mixedpartialderivative

If ExEt d
3 51351
If f is sufficientlysmooth wecanrepeatthisprocessandobtain iteratedpartialderivative
Aniterativepartialderivativeoffunction tis anypartialderivative of f of2ndorderorhigher

eg 25g Ex513 1
Ex fixy say t y

35 y Ey 5 7 493
384 356y zioxsy

FIX 23356y 35,6
IT 3567 4y3 byz
2y Ex5 7 45 35 6

It isnocoincidencethat

FEy Efx
Theoremsuppose f R IRhascontinuouspartialderivativesandits secondorderpartialderivativesarealsocontinuous
Then Esty Sgt
Definition Ifpartialderivatives off existandarecontinuous wesay f isofclassc andwrite f t c
If f ec anditspartialderivativesexistandarecontinuous wewrite tear

d

Noterecalltx If and fyif
wewrite try A y EyEt aft

fyx fy x Zf Z y



section3.2Taylor'stheorem
thetangentplanetoagraph apointgivesthebestlinearapproximationtothecorrespondingfunctionatthatpoint
TaylortheoremgivesahigherorderextentionofapproximationForexample 2ndordertaylorapproximation of a function
atthatpointwillgiveaquadraticapproximationtothefunctionnearthatpoint3rdordercubicapproximation

Recalin ID it filter issmooth
tooth fixo tf xoh Ifexoh t

f inks Renon s
where Rahon isan errortermsatisfying himreffedo as no Renon goesto0quickerthann'so
call t theKthorderTaylorexpansionof fat x

ThefirstorderTaylorexpansioncomesfromthedefinitionofbeingdifferentiable
If Fisdifferentiable recall
my
fat
tyEEfaden o

Equivalently bytaking a to th
him thoklingolIthot o

orequivalently
filoth tho DtIo k t RHoth
where Im o

Hencewehave
thm let t uER Rbediffableat t then
thotk tho If Io k t rexoh
where LimRiggio

multiplication
Wecanalsowrite if a hi nu
Fitoth Fao HEhiExillo t R lxoth

Fyheomesfromthedefinitionofmatrix

Alsohavethe2ndorderTaylorexpansionofa c function
Leanesthascontinuouspartialderivativesandthepartialderivativesofthepartialderivativesarecontinuousat t

Theorem let f ec at yo Then
filoth tho tYehEx110 I hih2 xCo Ralloh
whereItmFEET o sumstapossiblepairs

of i j for Kien 15th
egJedig 9tantan tan

Inmatrixform ifwewrite
o fLos Efx Efx 232 wecallV'fix the Hessianmatrixof fatto andifwe

alsoderivetheHessianquadraticformof fate
Efx Efx Ift Hfexo RMRby

HelloletIchi uny'texo InÉ x IÉ hihj2x Io
wecanwrite as
froth fool PfcZo I Hf Io k traceh



Example Findthe2ndorderTaylorexpansionofftp.ys sincxztzy at yo coo
Hoo sin00 0
37 axcosx ay Ex10,01 0
Ey 3cosexitzy Ey0,05 300510 3

22 axsincetzysiastacosixtzy 8 10,02 0 2 2
25 3sina.byG qsincxatzy 321901 0
Etsy 35in743g2x 6xsinXt3yZy19010

flyoth fast hi34,110 2,3ghihjzfxj.no Rz
T
lunchnottoTHIS F.h.la losthzhicosthzhzloiJ tl2hi hi
therefore

fck 3ha 2h racy



section3.3findingextremaofrealvaluedfunctions

wewanttodeterminethepointsto

Definition f UER IR WecallXotu alocalminimumresplocalminimum off ifthereexistsaneighborhoodV
of X S.t
f x ZF Io forall xEV
tor tofindthe strict localminimum

resp FC EFao forall yerg

It toEU iseithera localminimumorlocalmaximum wecall to alocalextremaorrelativeextrema thismeans
Io isnotormaximinglobally justwithinthepoints

wecall yo tu acriticalpointof f ifeither t isnotdiffble at to or Ifexo o i.e Ex12010 for all i
of Io Q
NoteForusfunctionswillalmostalwaysbediffblesobeingaskedtofindthecriticalpointmeansfinding
tosit It o 0

theorem If use opensunset fine rn k isdiffbleand yotu alocalextremum then 12Azo o
ti e to isa criticalpoint

Proofsupposeto tu is alocalmaximumsinceu isopen if her and ter issupersmall thengottac utoo
Definegk1kbygets thotk agate Inallthishasa localmaximumat to since thasa localmaximumat to hencefrom
117calcweknowgCoto But
O g'lol If Yolk
sinceAEIRwasarbitrary H canonlyholdforall I if Ifly07 0
If Iois a localminimum proofisanalogous

Note
Thistheoremdoesnotsaythatif I fly 0thenitisanextrema becauseofinflectionturningpoints orsaddlepoints
R f Io Q to isanextremumcouldbea saddlepoints wedefineto tobeasaddlepointof f if
It1100 butIo is nota localextrenum

sometimeswecandeterminethetypeofcriticalpointbyexamination
e.g foxy xity

well f20 Butalso fioo 0 hence f mustobtainalocal infactglobal minimumat theorigin
Mathematically
If I ER is a localextremum then If Xo o But
Dnf Ex Ey 2x 2y hence It x y oo 2388 E x yo oo

summary

Let f usRn R Recall
E u a localmin if fix fix neara
Iotu a localmax if fix efat nearto
Iotu a localextremum iflocalmaxormin
toen a criticalpointcop if I teo e or if t isnotdiffable at a



CP localextremum
fixy x2y
Ifixy 2x ay o o e x y o
sotheonlycpisatcoo wheretooo oButf cannothavealocalextremaat Loo since fix o o
for x o and flogso foryeo so inparticular ftakesvalues floodand tooo arbitrarily
close to coo so10,0 is asaddlepoint

ExampleFind classifyopof foxy say y't
Ans Ex 356y 5 5 7 4yt either yo ory0

If x0 then350 yO
If yo thenEyO Ex 0
so coo is theonlyCPfor fandfcoo 0

Note floy ofor y o
ontheotherhand let ne
f fit I 5 É at h

5 E I I f 4 Ty It o
so t takevalues tooo o and fcoo o arbitrarily close to our ep oo Hence ooosaddle

Noteopneednotbe isolatedpoints
maxis alet fixy sixty2 e Y circle

Zf 4xe Y i x2 y2
Zf 4ge x2Y i x2yr

Then EyEy70,0 either 1 x2y2 0 i.e x y2 1

ExtremathroughHessian
RecallfromID
f x o Xoisalocalminimum
f xco x is alocalmaximum
f lx o Xocouldbeaminmaxorinflectionpoint

Recallthatthehessianquadraticformof fat to HfIo IR is Hfao h 1h hnofao In
EgEfgXohihi

Defnwesaythatthehessianoff at 1 is positivedefinite respnegativedefinite if
Hftho 1 70 Crespo forall h Q

2ndDerivativetestforLocalExtrema
Thmlet f usRn IRbec suppose x.eu is a cpof f i.eDfixo a
If O'fly ispositivedefiniteyois a strictlocalminimum
If tfCao isnegativedefinite to is a strict localmaximum

Howdowedetermine if Tfiosispositiveornegativedefiniteorneither
simpleexample fix ay Tf ax ay

Tf ixy

Hence Hfxy a tchhalf 9 he I th he Zhi i hit ha 20 if I Q

Example2 fixy x2y2
Tf17Y 392 Hf Inhell hi ht

canbeeitherpositiveornegative
for 1 Q sosaddlepoint



DeterminesignofHessianmatrix
Let f use IR bec uopen
It if357,1 j I y 0 atexoso
Theno'fXoyoispositivedefinite Inparticular if exoyo is acpcie Ex10,903 351701907 0 and i andis
holdthenexoyo is alocalminimumfort
2 If iii FactoYoko

inD 8423g 3y 70 at exoyo
Then Thoyo isnegativedefinite Inparticular ifexoyo is aCPandiiisand inholdthenexoyo localmax

If I hen'sfest Inrootningtuedo thennoyo is a
saddlepoint

Example1 f xy x'ty2 Ofa 2x 2y
Italy E É 270

D 2 2 o 4 o

Hence i andii are
satisfiedat0,0 socoo is

Example2 faxy ex y a localminimum
0710,0 892 so

D 4 0 420 HenceCPoo is asaddlepoint
Example3 fixy e y of axe y ayex y y

Coo G ixy10,01 onlyCP

Egfr sety'tyyrexy

thence D 2c 2 07 4 co Hence CP o.o is asaddlepoint

FindingExtremawithDeterminants
theorem letf use Rbeduopenand
Pt 3 SEY IE
IE II
3

1 If the3diagonalsubmatriceshavethedeterminantatXoyototthen tfNoyoto ispositivedefinite Hence it
XoyoZo isactuallyacriticalpointthenit isalocalminimumoff
2 Ifthe3diagonalsubmatriceshavedeterminants alternately t thenthe 7fYoyoZo hessian is
negativedefinite Hence if Xoyozo isaCPthenit isa localmaxoff
3 Ifthedeterminantofy'tXoyozo isnonzero butthehessianisneitherpositivenornegativedefinitethen it
XoYoZoisaCP itisasaddlepoint
41IfthedeterminantofTfXoyoto is0inconclusive
Example fixyz x2tyztz zxyz

Ofxyz 2x2yz24 2 2 272xy
considertheCPS10,00 andCl lil
y't xyz 2 22 2y

az 2 2x
so71990

Ig
Tfl lil 1 2 2 2

2 2 2

ay 2x 2 2 2 2
Thedeterminantsareall70 thedeterminantsare 2 0 32
hencecooo is alocalmin Hence 4lil is asaddlepoint

rule 1



3.4constrainedextremaandlagrangemultipliers
Findingextremassubjecttoconstraints
we'vealreadyseenanexampleof constrainedoptimizationwhenlookingforglobalextremaontheclosed unitdiscofthe
function fixy xeye x y
whenfindingtheextremaof f ontheboundarycirclewewerefindingthecriticalpointsof tix y subjectto theconstraint
x y2 1

Thelanguagemultipliermethod
Inwhatfollows if f usRn Ir and seu wewritetis tomeantherestrictionof f to s lie weonlyconsider tas
afunctionofs

LanguangeMultipliertheorem int suppose t uar IR andg nee Rare c Fixcerandlet seu bethe
levelcurveofgofvaluecCie thesetofpoints xyseus t gexcy c
then fl ctconstrictedtos shasalocalmaxor localminat toes and ifTgto 0 thenthereexists
REIR Ipossibly0 s t OfIo dogexo x
therefore ifwewanttominimizeormaximizefixy subjecttosomeconstraintgoxy c weshouldlookforpoints 1 sit
TfXo NrgCeo

forsome teh t ifthisis afunctionof2variablesthenthishas 2equationsinside3totalwithguysc
and 3unknowns xoyoa

Note If both fg ucR R thenthesamestatementholdswhenwereplace levelcurvewithlevelsurface

Ex let fixy x y and lets betheunitcirclecenteredat coo Findtheextremaof fls
Ansletgixy nay Thens isthelevelcurveofgofvalue1
ofxy 2x ay
Tglxy 2x ay oo is exy 0,07
HenceLMT atanextrenum xoyo thereexistsRERs t exoay Daxoyo
ie wehave3equations

I j
1 1 or 70 0 If al then yso then x Il

zyoRay If XoO then3 yo l
sotheonlycontendersforconstrainedextremaare I1,0andco I 1
Hio l th oki toois it too it l

therefore 1,0 areconstrainedmaximaand o I1 areconstrainedminima

Ex2Findmaxandminof fixy Xeyex y t ontheclosedunitdisc
Anstheonlyopintheopenunitdiscis ixg E E tofindtheopof flunitare setguys x ty ca andwe
lookforexoyo sit gray to because lay o.o
Aixy tagixy forsomeXEIR
ie zxot zyo1 X 2 0,2yo
ie 70122121 1 clearlyfrom wecan'thave a 1 Andby wecannothaveboth

2yo i ray 224190 1 XoyoO
then8 YoY i.e x y anyCPsatisfyingto 0mustsatisfythis

Likewise ifyoto then8 It t i e xoy
Xoyo 2021 i e No I E
Thereforethecontenders toopof funitcircle are EE andEE E

TEE a SE



Functionsof3variables
ofit Nagle
Notejustbecause I Io satisfies t doesnotmean to isalocalextremumforfls couldbeasaddlepoint
Inthecasethats isclosedandboundedweknowthattisattainsaglobalmin globalmaxatsomepointsTherefore
atleastoneofthesolutions toCtxgivesa globalminof flsand atleastonesolutiontoCtxgivesaglobalmaxforfls
whens isclosedandbounded

Examplemaximizeandminimize fixyz hey subjectto xzty.az1Ansgixiyzsxzeyitzica
Tfixy z ax I o
ogexy z 2xayzz
andhencewe'relookingtofindXoyoto s t
ex ax 8 n oorzoo
l any RIO
o at hence zoo
x yo zoe 8 so fyi

Raortoo
IfD I yo42so Xo I
If too then yo 1

contendersare IB I 0 andcoIl o
LIE I o E flo1,0 1 flo 1 o I
soHsattainsaglobalmaxatboth IBE I o and aglobalmin atCo40

NTyngregerifathifetttor
constrainedextrema borderedhessian't

Implicitfunctiontheorem Iwhencanweviewasurfacelocally asthegraphofafunction



chapter4vectorvaluedFunctions
FrompathseCab er in to vectorfieldsE AER tIR

section4.1Acceleration Newton's2ndLaw

Reddit
Apathinanisamap e ab eatenLoreR Rn

If Ect excess aces thenitsderivativeisthevectorcuts xices xhcess
Thinkofapathasthetrajectoryof aparticlewhere etime cat positionvectorofaparticle cctsisthevelocityvector
oftheparticle
sometimeswemaywrite I oracts insteadofIces IE note E1Ycassumingto istangent

tothepathatacts
Wecallselects11 laces11thespeedoftheparticleattimet
wehaveadotproductruleforpaths
E b t Clt b'itstact bleacts

crossproductruleforpathsin1123
blexeca b t xect t bit xe'Les

Alsorecall

flat q t c get1 chainrule

propsuppose I a b it s t the HatsIlisconstant always a constantdistancefromtheoriginsomustbe
acircle ThenI'lll isalwaysorthogonaltothevectorect assumingC'tl 0

jiffy
Proof Acct'llconstant It It lect111 aconstant

so O Ect get sketchteeth t a E'Les
Hencecelland act areorthogonalA

smoothness

unlikegraphsofdiffablescalarvaluedfunctionsimagesofdiffablepathsmaynotlooksmooth
e.g Ect esint i cost

commonfeatureatthesecorners whentantoforno1,2 thenchant so07

Had sincecctshicost sint

Thereforeatthesepoints thetangentlineto thepathisnotwelldefined
Withtheparticleinterpretation theparticlehasslowedtoarestatthesepoints

DethadiffablepathE iscalled regular at toit c to to
If cutsto ft forallof t wecalle a regularpath Aregularpathwillalwayslooksmooth

Ex settle t cost
whichpointstEIRiseregular

Ans It 33524sint
I II so ene

theonlytimeeverycomponentcanbeequaltozeroiswhen to
therefore C't Looofonlywhento
Hencethepathisregular fteIRexcept to

Acceleration

Letcatsexcts xncts betwicedifferentiable Thenactsexits x'nos isthevelocityvectorand
act acts x'ices acts istheaccelerationvector



Exsupposethataparticleina hasaccelerationactscoo i I If 10 oo i andclosenosthenwhenand
wheredoestheparticlehittheplane to whatpathistracedoutbytheparticle

g

a1,07 wehave elects o o i xco yco 2co
Hence x41 constantcan
y't constant ca
at t constantCz

Butx'Cosa yco i z o 0
Cia cto

ie xest gilts i z a
ie cut Liles
so xu ted you ttdz zh It'tdz
But41010 d so ylo 0 d2 0 2102 1 d3 1
Hence Its 4 t 1 Et
1 It2 0 witht d i.e theparticlehitstheplane 20 attimet r at k k o

wehaveforall to thatactsyou Et hencetheparticleisconstrained totheplane xy Moreover inthisplane
acts l teal Excel i e z l I x Hencewehaveourparabolicequation

Newton's2ndLaw
supposeaparticleistravelingalongapathe in R undertheinfluenceofaforceE Ifthemassoftheparticleismthenits
accelerationvectoracts satisfies Elect malt i e Elects maces ft
Extendedexample Kepler'sLaw
SupposethesunisofmassMcenteredattheoriginin123 Thennewton'slawofgravitationstatesthataplanetofmassm at
positionvector I experiencesaforceof 8hr where r well
Kepler'sLaw thesquareoftheorbitalperiodofthecircularorbitaroundthesunisproportionaltothecubeoftheradius
oftheorbit
Proof supposeplanetofmassm movesataconstantspeeds inthexyplaneatradiusrofromthesun
Then Ect Cocoswt rosinwt where w istobedetermined
wehavekilts rowsincutsrowcoswt butble liraslis weknowthatsherowsinewt tcrowcoscwt
row sin'wt coswt rowz

so w Fo
Hence It roosft rosin E
wecall wthefrequencyoftheorbitwhere w É IIt is thetimeperiodof theorbit
Hence

acts its East I since Era it

Newton maun FttItt i.e act Ict
EquatingCtand wesee

Era 8TIN e EzÉrT hence T



section4.2Arclength
Fora cpath ele xcesyet for te lab yousawthatthelengthofewas
L e SabVLEj i.LI at JabVixcts tyi at afabllamaat

exitsyless
e.g Ect costsint for tecoza
thenacts Lsintcost
therefore Lee f Vesintiticostat 15 isintcostat foat at

Inhigherdimensionsthelengthof a cpathect fortecab is
Lcc Tallactsat
ie itsureexcel aces thenucsfabvlxicesit.i.tw dt
e.g Ect costsintt foroctet
thenacts bsintcostt
Hence Llc fiVesinertccostat Stadt Rt

sometimesintegralswon'tbenice
eg ectscostsint t's forosteze then actss sintcostas
Hence Llc fVesintraccosthfat fitterat a fiver at
wecanapplytheformula
LLevitan alogatVestal c

therefore

442ENACT YalogIttreats
TrVAT IlogatVesta logYz210.63

sometimeswewanttocomputelengthsofpathsthatarenotc everywheree.g
Aslongwecansplitthepathintocpiecesthenwecancomputethelengthsoftheseindividualpiecesandaddtogethertheresults
werefertothesecurvesasbeing piecewisec oraspiecewisesmooth

exect itt's forosee
eet forletez
clearly I 4c sincewehaveacornerat t1 Butthecurveispiecewisecandwecancomputeitslength
Foroctetdessizes
Forlets2 Liesel is

sothelengthofourcurve curveisanimageofthepathis SoVittdt firat Jottedt tFa alive'dter
2 I t Vert nalogit Vent o tf 2.89



section4.3vectorfield
DefinitionAvectorfieldonasubsetAERisamap
EAEIR Rn

whenn z werefertoa vectorfield intheplane
so avectorfieldassignstoeachpoint initsdomainAavectorEctWecanpictureavectorfieldbyattachingtoeachpoint
IEAanarrowcorresponding tothevectorEcd

a

Notevectorfieldsareextremelyimportantinphysicsengineeringetc whereoftenEla represents aphysicalvectorquantity
associatedwithaposition I eg
thevelocityvectorfieldofafluid
thegravitationalfieldaroundamass
theelectricfieldaroundacharge

Example letKR R betixy x y

T T Y Icio no vcug cois
no no

t t t

Gradientvectorfield
recallthatit f AER tIRthenforaeknofca isthevector Ex111 27,111
Hencethemapof A r tiemapping I toofca isavectorfieldcalledthegradientvectorfieldof t

ExampleletmassMbeattheorigininR Recallthatthemassmatpositionvector I xy z experiencesa gravitational
forceof E 911 where r lira
Ifwedefine ve it T.it
then ExExmmolnay zigna cxfyttz X.MYxEymYIyEzmmgz
or TG x y z IF I E

Hencethegravitationalfieldarises asthegradientof v andwecanv thegravitationalpotential
Rematheaboveisaspecialcaseof animportantphysicalprinciple aforceisconservative i.e thetotalworkdone
bytheforceinmovingaparticlebetween 2pointsisindependentofthepathtaken thevectorfieldcorresponding
totheforcearisesasthegradientof a function calledthepotential

Notanvectorfieldsariseasthegradientofsomesmoothfunctioneg
Ex EixatCy x there isnofunctionR a st ofixy Eixy

proofsupposefor a contradictionthatsuchafunctiontexistsThen
Exxy Eyxy ofixy ay x i e Exy Ey x
Differentiate wityweseestay I I
bittereniate wrtx weseestay I I remember if f is asmoothfunctionitsmixedpartialderivativeswillbeequal
and contradictthefactthatmixed2ndderivativesareequal henceourinitialassertionthatsuchafunction t

existedmustbefalse



Flowline
Ifyouimaginethatagivenvectorfieldisthevelocityvectorfieldforafluidthenaparticledroppedinthisfluidwouldfollow
thearrows Thecurvetracedoutbythisparticleisa flowline

LetEanINWeseefromthe2Dexamplethatateverypointa inthecurvetracedoutby
theparticlethearrowtix istangenttothecurveofx Wetakethispropertytobethedefining
featureofaflowline inanydimension
Definition If I sie is avectorfield aflowlineforE akastreamlinesakaintegralcurves is a
pathe ab R sit
eCe ECeceD AtECab

Example I ixy ry x snow cos costsint is aflowlineofE
Anscutsitsintcost
FCLU ECcostsint

Csintcost 4
Examples Easy L xy check atyetet isatowlineforE
Ans Clits Le t et

Ccc4 EceEet
L esey

Ey



section4.4Divergenceandcurl
Divergencetakesavectorfieldandreturnsafunction
curltakesavectorfieldandreturnsanothervectorfield

Divergence

Definition let E FFaFs beavectorfield
Thenthedivergenceof E isthefunctiondive or a F derivedby
dirF It It If
Imoregenerally dive t II
ExampleletEcayz sinxI tryItZe
thendiveFxsmxtEyyay Ezz cost x l

InterpretationsupposeE isthevelocityvectorfieldofafluidgasthendir Eatapoint1measurestowhatextentthevolumeof
asmallregioncontaining I wouldchangeitmovedalongthetowlinesofE ie
diveo ansexpansion
divto ancompression
Inotherwordsdiverepresentstherateofexpansionperunitvolumeundertheflowofthegasfluid
Example Ecay x y
Asthefluidmovesawayfromtheoriginthearrowsgetlargerandthefluidexpands
Indeed
dirE Exx Eyy 1 1 220

Example2 Euy ex y
dirE ExcX Eyey 2co
Asthefluidmovestowardstheoriginarrowsgetsmallerandthefluidgascompresses

Example3 Elroy Cyx
Flowlinesareconcentriccirclesandweshouldnotexpectcompressionorexpansion
divEtay I i o

Note itwon'talwaysbeclearfromthepictureofavectorfieldwhetherisexpansioncompressionorneither

Letfante Thenof antin isavectorfieldsowecantakeitsdivergence Indeed t if in in then Of ExFfgEr
anddir f f7of EExEyZf 37127 3 g 3
wecallthisthelaplacianof f moregenerallylapacianof f isgivenby 3
Wewilldenotethelaplacianof fbyBf note peopleoftenwrite tf forthelapacianof f butwealreadyusedthisnotation
forthehessianoff

curl
Definition If E F FaF isavectorfieldonR thenthecurlof E denotedcurlE or txt isthevectorfield
on

411
i 1 11 1 Se

Noteifaskedtocomputethecurlofa2DvectorfieldECiFa weimplicitlymeanthecurlof eFaO

Example letElxyz e I sintj txyze
thencurlE I I É extcostI coyz I Coxe xzcostsI yesxe z

e sintxyz
InterpretationthecurlofavelocityvectorfieldIatapointisameasureofthelocalrotationcausedbythefluidatthatpoint



E.g ina2Dfluid ata placeasmallsoliddiscprintedwiththeletter A

Iggy
If youreleasedthediscandthediscstartedtorotatearounditsaxisas itmovedwith
thefluidthenthe curlof Eat I wouldbenonzero

Ifthediscdidnotrotateaboutitsaxisthenthecurlof Eat I wouldbeQ

go
NotethecurlofEdoesnotcareabouttheglobalrotation of thefluidasthefollowing

y p
examplesnows

Ex E xyz LIFTFye
ar E

I
EttyEylike re o

Let f IR I then It isarectorfieldsowhatiscurlof
curlof

zigzig 3 y i 1 x 37oz et12 If e
Therefore if tec curlof O
Thisgivesanotherwayofshowingthatagivenvectorfieldisnotthegradientof a c function
eg Eltg tf ly x thencurl I 2kto henceby theabove I cannotbethegradientvectorfieldofac'tune



chapter5 DoubleandtripleIntegrals

section5.1Introduction
Integralsin2D
recapsupposef ab sir withtzo
Tofindtheareaunder t westartbyapproximatingusingblocks foranyn
wecanpartition lab intonsubintervalsofequalwidth

pg
fit

Thenwecomputethesum taxitaxwhereax T.FIfIAswetakealargerandlarger lie finerpartition thenthesum shouldgiveus
acloserapproximationtothetrueareaunderthegraphoff
If thelimitexistsin t asn x wesaythat t is integrableandwewrite
Sbafixdx
odenotethislimit

Doubleintegralsasvolume
supposewehaveafunctionf o of 2variablessayderivedonarectangle r e r i.e
f rep R

wecouldaskwhatisthevolumeunderthegraphof f
onecanuseasimilarapproximationargumenttoestimatethevolumeabove If R a b x cd
westartbypartitioning RintosmallerrectanglesExistit x y y where x areobtained
bypartitioning ab intonsubintervalsofequalwidthsandthe y areobtainedbypartitioning
aid intonsubintervalsofequallength

Aswetakenlarger shouldprovideabetterapproximation tothevolume

Ifthelimitasnox in existswecant integrableandwrite
Ifixydxdy todenoteitslimit



section5.2 Doubleintegraloverarectangle

QHowdowecalculate I ftp.yldxdy

withthevolumeinterpretationwedon'tneedtointegrateatall
Ext suppose fixy k o Then Ktunaxay whereRCab xCid f
isjustthevolumeofthe cuboidbounded

so Ithiylaxay lbacach
bythegraphoff andtherectangle RER

Exc suppose fixy l x r 0,1711,0 whatis Ithaylaxdy f za x
thegraphoff isaplaneinIR intersecting thexyplanealongthelinex l hence
sotheansweris 2

y
Ex3 fixy x y R fi i xCoi
Then I fixylaxdy Shetty'sdady isthevolume
themostcommonmethodforthesesortofintegrals
istowrite Ifthydrayasan integratedintegral 0

Fubini'stheorem version1
suppose t r er iscontinuous R a b x ad then
Ifixylaxdy S Sabfixyaxdy

treaty as aconstanttocomputethis iteratedintegrals

Yaconstanttocomputethis
Ex3continued
wehave R El I x o i and I laylardy couldalsocomputeKatysandyas
Sox x'ty dxdy Ixiffy heylayax
to y x idy fi x'ytyJody I v45ax
Spotty b ydyJioay 3dy
Ey By 3 3 o

573 314 53 E 5

3

sometimesweleaveoutparentheses
Jill fixylaxdymeansfilllabfixgdxdy
fabledfixgdydxmeansfablsifixyldydx

Extlet ay ft Ex2 SS tanxsedyaxdy

R 2,474,2
compute fixyldxdy f LlogIseeydy Jolograsecydy
SgJt If Fdxdy Sy Eyylogx1 dy Ganglogin

I f ylog4 y ylog2dyHalfylog2ay logr
Culogly Yoga angstslogs blogit 1022

Generally

SISgoxheydady Sabginaxfheysay



Propertiesofthedoubleintegraloverrectangles
supposefigareintegrableover r er andlet carbe constant Then
islinearity ftg isintegrablewith Ilfixystgcx.gsdray Itixy dxdythgox.gsandy
ii Homogeneity ct isintegrablewith Ictox.yldxdy.chfixysaxay
ii monotonicity if foxy goy forallexy er then Itixylaxdy I gogdxdy
inadditivity ifaer isarectangleandQ ItRiwhereR rmarepairwisedisjointrectanglesandif f isintegrableover
eachri thenf isintegrableoverQwith foxydxdy YEIfix4dxdy
v Ifixydxdy f Ifixydxdy



5.3DoubleIntegraloverGeneralregions
QHowdoweintegrateoverregionsotherthanrectangles
ysimpleregions
Let'ssupposedomainof f lookslike

Iggy yffgraph
of4ex

graphof4ex graphof eex

morepreciselywesupposeDcanbewrittenasthesetofallpoints ixy er sit asxsband 4exeyeeex where
9YeCab IRaretwofunctionswith4 x kex foran xelab wecanb a ysimpleregion

IteratedIntegrals
wecallfintegrableifforarectanglecontainingD thefunction t RER R
derivedby fcry foxy if ixYIED

o if anyer'D rectangleoutsidesetD

isintegrableonR notethisisalwaysgoingtobethecaseif f is continuousonD

onethendefines
fixgda IfTxylda andcanshow fixyda Jabfi fixydyax
xsimpleregions
I
d

gpggny.ly
If a regionDcanbewrittenasthesetofpoints xy st ceyedand yly exe y ly
yCid wecallDxsimple

c Egrapnot4.9

wedefinetheintegral tixyda Jiffyfixydxdy atleastforctsf onb

Elementaryregions
If aregionisboth xsimpleandysimplee.g atriangle itwecallthisregionsimple or elementary In thecaseofDbeingasimpleregion
wecanuseeitherthe xsimpleprocedureortheysimpleprocedure



section5.4changingtheorderofintegration

so fixgda Sify fcxiyjdydx SISY.ttflxylaxay
Example1 Jiffyedxdy yorderswapped Example2 JTS x2yr dyax

n a regionisgivenby
i

y
y x2 s lifedydx osyea
osxel oExecalyr

pix kex therefore Jo'S Y x2yaydxay

Ex3 fifthly see'xaxdy

osyetana SES see'xdyaxj
EstimatingIntegrals
Recallthatit theyegcxy forallixgEDthen fixyldA I Igixiylda
therefore it mistheminimumvalueattainedbyfonDandMisthemaximumvalue
Imaa I fffixmida 1 Maa i.e MareaD I fixylaaEMarealb

DividingthroughbyAreaD wesee mttffyy.tt



section5.5thetripleIntegral
Definition

LetBcab xcca x pg ER beaboxcuboidin R andfibers R
wecandefineintegrabilityof fandthetripleintegral
SSBfixyz dxdy.dz It alsowrittenasSSBfixyz ar orSSBfar
In asimilarwaytodoubleintegralcaseusingfinitesums riemansums andtakingthelimit

weskipthedetailsofthedefinitionof andfocuson calculations assumingegthatcontinuousfunctionsonBareintegrable

Fubini'stheoremversion2
The3DversionofFubini'stheoremallowsustocompute txusingiteratedintegrals
If f isintegrableonBthenanyofthe apossibleintegrableintegralsareequalto it i.e
SSSfixyzdu

Spas a fixyz dxdydz
f S Ifixyzdyaxdz

Ex BCo17 1,0710,42 andf xy z Nytxyz
SSBx tXyzar
1 19 olayxyzdadydz 55,153yExyz odydzIfEyttyz dydzS byttyz dz
So I Edz E EI I I Eu

Insteadofthedidydzchoicewecouldhavepickeddydzdx

IntegralsoverElementaryRegions
Aregionin R iscalled elementary if thedomain of one of thevariables e.g z canbedescribedasbeingbetween
2functionsoftheother 2variablese.gxandy andthedomainDof theother2variables issimple inthesense
consideredfordoubleintegrals

Let'sdescribethefollowingaselementarydomains
istheclosedunitbanin1123
Ans ixyz sit xeey'tz's
then txt szsri xzy.roeyera soweredescribed

ÉÉÉÉÉÉÉÉÉas
agsimpleregionwere

iexsi
Alternativelywecoulddescribeas
Vieteye Vint
I exert

Tezel
ii letwbetheregionboundedbytheplanes no yo z z andtheparaboloid z x'ty
Everythinginsidetheparaboloidis sit zexeyeso FEYVEyaezez
oeyeV27 ysimpledomainOsx IF

Alternatively

ONEFye
Osyere
oezez

Ysimpledomainintheyzplane



examples

IfwisanelementaryregioninR intheform
ecayseefixys
e x syexex
ayeb

andif fweR'sRisintegrableonwthen
SSSwtdufaffSif xy t dzdyax

Ananagolousformholdsforelementarydomainsofothertypese.g if
elyz exeflyz
Yly s zeyay
ceyed

then
Dwfixyar Sift fixyz dxatdy

volume

recallSparedaareaD
Now SSwa duvolumelw



chapterachangeofvariablesandintegration
motivation supposewewanttocomputethedoubleintegral

where it lookslikeIIwy dothisistotransform it intoanicerregione.g adiscviasomemapping T
wewillseethat it canbecalculatedbycomputingsuitable integralson D

wefirstneedtounderstandthegeometryofcloselydiffablemaps tDer r

sectionon theGeometrymapfromre re
mapsofoneregiontoanother
Forsuchamapt wewriteTat orDtodenotetheimageset i.e thesetofpoints texty whereexty arethecooras
ofpointsinit

ExLetDtCoTxoetc ER sothatpointsinD areofformrio for oereland OsoEze
DefineTp inby
Tlro roosersino

whatis tip s
Answer let xy crcosorsino beonimagepointThen
x y r coso sino

p
1

Therefore TLD iscontainedintheclosedunitdisc
converselyeverypointxy intheclosedunitdisccanbewrittenas xy rcosorsino forsomeoerel osoear therefore
Dt theclosedunitdisc

wecallt thepolarcoordinateschangeofvariablesmap ittakestherectangle p inpolarIpa coordinates totheunitdisc inEuclideancoords

Imagesofmaps
TheoremLetAbe a 2 2matrixsitdetA 0 andderivethelinearmappingT.IR'tIRbyTay Aly
then tmapsparallelogramstoparallelogramsandverticestoverticies

ex letTik'tk betaxy E E andlet it El I xEi i whatiseb sx
Hi

Hence itwillbemapped tosomeparallelogramwithverticies Tl T t T T T IIii ai in in in

sLete t it o forte0,1
a 1Tle t t0 I co t 0 It wecall tthe parabolic

Letalt o t for tecoI coordinatechangeofvariablemap
TCELt O Et
LetCole hi for tecon
TCECt It I Et

TheyLt t EEE



onetoonemap
Drawingthedeformationscausedbyamappingtdoesnotgiveusthefullpicture andsometimeswe'llneedtoknowmore
aboutthepropertiesof t tousein thechangeofvariablesformula

Definition wecall t er IRoneto one or injective ifdistinctpointsby t i.e if luv ers ED and
Tiuv Ters thenu r v s

Ex1 tixy x y y4 T R IR
thisisnotonetooneeg Tun andthillarebothequalto12111 4

77ExzD on xCoat and T R Tcro roosorsino
thent isnot 1 1 becauseallpointsoftheformcoo whereoeco.at p
aremappedtothesamepoint origin seediagram
However tconsideredasamapcoi xcoatu isonetoonebecauseeverypointintheclosedunitdiscminustheorigin
canbeuniquelyspecifiedbyadistanceoaredfromtheoriginand an angle osocat fromtheaxis

ex3 Effy in they E E
thisisone to onesuppose tiny taxiyi i.e It XI

i e xey x'ty
x y x y
ex ex xx y y

ontomaps
Wearealsointerestedin asortofconversequestiontofindingtheimageofsetitunderamapTgivenasetofDER
andamappingT R IR canwefindset EBt st.TLDt D
Inthiscase wecallthemapping t p Donto or subjective i.e forevery xyleD thereexistsatleastone
pointluv tD sit This xy

Factforlinearmapping t i.ethosethatcanbewrittenintheformthey AY forsomematrixA beingonetoone
andontoareequivalentandoccursifandonlyifdetA 0

Ex1 letTR'tR be tluv cuo
letDcoI xcoi Isthereasubset er sit t p b isonto

AnsNo Texv 8 Y
detA

AlternativelyweseethatTmapsthewholeof112 tooneaxishencecannotbeontothesquaredforanyDc



section6.2thechangeinvariablestheorem
centralproblem letDDandsuppose t p D isontoliet it D anddittableAlsolettD r beintegrablecanweexpress
Stixyda
intermsof anintegral totover
AnswerYesundercertainconditions
Ifwewritet incomponentsasTcuv xinusyouv

coordsonDJ IcoordsonD
Ifixyldxdytbffixcu.rsyour Indu
where I I isa certainfactorwhichtakesintoaccountdistortionsofareabetweenthetwocoordinatesystems
Note t isreferredtoasachangeinvariablesmaporchangeofcooras
Thefactor istheJacobiandeterminant

Definition letTD sIR IR bea c mapgivenby
TCUV XiuVI youVIjijijjiminan

of t writtengift isthedeterminantofthederivativematrix Il e

IET EffEff couldbenegorpos

Example1 Lettbethepolarcoordinantchangeofvariablesi.e

thisformulastillholds
then 3147 EgEg iggy reosoersino

Jacobiandeterminant
mmmm

noteunder t we'dhave
fixydxdy Iffairolyeras rardo
regioninfay tregioniner01plane

example2 Thuu E E

Example3 Thuu ur Elv2u
III inYf vatu

Qwhyis IET the correctfactorl I

ITI ÉE
I S in i

mnm

changeinvariablesforDoubleIntegrals
letDandDbeelementaryregionsin a andlet t b Dbe1to1 ontoandc thenforintegrable t b it wehave
Ifixyjaxayffflxcu.usyou.vn3Ethldudr

absolutevalue

notethisisamultivariablegeneralizationofintegrationbysubstitution



Eg SfixcusItudu I fixax

theusualsetupwewanttocalculate Ifixydxdy where t Daregivenwechooseasuitablechangeofvariablemap
Tcuv xuvsyouus st fixcuulyouv1 34 1dudu iseasiertocompute

n
Example1 letPbeaparallelogramboundedbythelines y2xy x y2 2 y xtl
FindSpxyday
bymakingthechangeofvariables x u r youV i.eTcuV u r zuV
tislinearsincetenus z I Y

withdetA140henceT is 1 1 TA
WeseeT10,0110,0 wehave Iif t's l IIITUo aa therefore

Tho2 12,21 IfxydxdyH.luultraV7dudu 51 12nszurtrydudu
TU2113,4 7

MoreExamples
example1 calculatetheareaof adiscwithradiusa
day rardo fofirardo za frarWE war

example2 letpberegionbetweentwocirclesofradiusaandbwhereocachFindSloglayladyusingpolarcoordtransformation

Hyp tyg
Blogthylady Safologirardodr Elabrlogeryar

af rlograr toFlogr E a flogb Gloga 41h2ay

Note itismostnaturaltoconverttopolarcoordifoursetDhascircularsymmetrylineradialsymmetry andorthefunction
beingintegratedinvolvestermslikefixity

example3 snow I 8 e d f d

yayhe dx I

pfletDabethediscx y ta
considerbae day Joffefardo zafzer.gg

iIjan
Taking a xweseethat Ie Y'away SheeY'dyay fex'd heydug

mm ab

tripleIntegrals
Lett werea becwithteavw xcarwiylav.ws zunw xyzarefunctionsofthecooras uvw viat
TheJacobianDeterminantof t is

It E E
measureshowthetransformationof T

It distortsvolume

Example recallsphericalcoordinates xpsingcosoy esinesino t goose

341 sinecoso Icosycoso sincecosolf'sinycosa psinesinol psincesinogoosesince

cosy

singing
sincesino esingcoso ecosesino tpcosecosolysingcosycoso

ssince easingsin'ycoso tsin'ysinotcosysinktcosycoste
gsince sinycore cosio cosysinglesinto
print



tripleintegralsforchangeofvariables
Letwandw beelementaryregionsin1123 andsuppose Tw w isc i i andontowith
Tcuviws lxcuiv.wsyinvwt zu vw
thenforintegrable f w R Illfixy zaxdyat
tixcnn.wsyouvia zcu.v.ws 349Tduaudw

Note thethecaseofcylindricalcoordinates
fixyzdxdydz A roosorsinoe rardodz

Exampleletwbetheregionwhere x tyre1 zsoandbelowconezhttp

4
Find Itdayat usingcylindricalchangeofcooras
ourdomain

Ososza

sotheintegral is Jo ozrardrdo
atforLE dr E

511y9 ityjz.fifigsingcosopsinesinopeoplesinededede
Exletwunitballin1123 Find Helx y't2 du
AnswtisDegel Ocotea OEYee
x fofiste ysindodydg afifogesinga 45eis



section6.3applications
Letwbea3Dregion interpretedphysicallyasasolidsupposethemassdensityofw at ixy z owispoxy z thenthemassw
is Ksixyz axdyazandthecenterofmassofw isthepointisy t where
114115,19nsec 5 1191115,19nsec e 11tenigggant

notegeneralizationofcomof nmassesm mnat point x xn onthexaxisgiven I gim
note ifwewantedtofindtheconota2Dregionthenforgetabout zandE

Example
considerthesolidhemispheregivenbyarty z's1 tso withuniformdensityget whereiscom I 5 0
massw Iarevoiw 7
AlsoHear So'sS goosep'sinydydody E
so E Tt 5173 8



chapter7 Integralsoverpathsandsurfaces
Findingintegralsandvectorfieldsovergeneralcurvesandsurfaces

section7.1 thepathIntegral
supposewehaveapathe ab R and f R IR If f20 wecantalkoftheareaof
thefence withbaseeatexitsyet inthexyandtheheightgivenby
fleas fixesyits lietheareainbetween alt andthegraphrestrictedtoe

theareaisgivenbySbafixesyet Vxictstyterat canjustifythisusingRieman'ssumtypeargument

Definition asimpiecurvecairnistheimageof cpathe lab it withnoselfintersectionsexceptpossiblywithacarcabs in
whichcasewereferto cas a closedsimplecurve

If D ecareb

DefinitionLetcerbeasimplecurveande ab in a c parameterizationofC suppose finnaandtocCab it iscontinuous
onCabThenthepathintegraloftalongcisSofas Sbaflecelllaceilldt
noteindependentofthechosenparameterizationofacts Ifixcts xncts ifect xcts xucts
Noteworkswithpiecewisec orfactsisonlypiecewisecontinuousthenwecanstilldefineStdsbybreakingCabupintopieces
overwhichthehypothesesaresatisfiedcomputeeachintegralandsum

whatwouldthepathintegralrepresentinhigherdimensions
It eg cen isawireandfixyz so isthemassdensityofthewireThenSetasisthetotalmassofthewire

Ext letect cos'tsin't for teCoHe andfixy It

E tidal
acts 3sintcos't3sin'tcost
felt1 Vasinetcosuttasintecost 3 smitcostlsiniticost 3sintcost valueofthenorm
andfacts I It single
Hence Sellt5asS It.sn 3sintcostat f8k3sintwsttsin4tcostdt Esin'tt'ssinse o I



section7.2theLineIntegral
Integrateavectorfieldalongapath

49sike fortecoreAcurvec k iscalled oriented if itisequippedwithadirection Figgedirection
r A

consistentparameterization

forthisdirection

Definitionlet cbeanorientedsimplecurveinRandeCab 1ka cparameterizationconsistentwiththeorientationofc
LetErniebeavectorfieldandsupposeFoc abtenisctsonCain DefinethelineintegralofEalongeby
ScEas SbaEcecellcatsat again ifthehypothesesonlysatisfiedpiecewisebreakcabsupaccordingly computelineintegralandsums

Notethelineintegraloveranorientedcurvec isindependentofthechosenparamactsaslongasectisconsistentwithorientation
If at goesintheoppositedirectiontotheorientationofCthentheintegralwillchangesigns ie it cdenotesthesame
curveas c butwiththeoppositeorientationthen Eas fEds
Interpretation if Eis aforcefieldinspaceactingonatestparticlemovingalonganorientedcurvec thentheworkdone
byEastheparticletraversesCwithparamEct fort E ab is AEcclese'itsat
notethisgeneralizestheformulaworkdoneforcexdistance

AnotherExample IfBisamagneticfieldinaandCisanorientedclosedsimplecurveinR ThenAmpere'sLawsaysthatthenet
currentthroughanysurfaceboundedbyc is I fkids yet
Ext let I xityj t zk andElt t 3t.at forteEl2

then ces cat3,612
Euts t I 31 24E
HenceElects o t zestatthts so Ede fzest9thatdt 147

Ext Letc betheperimeterofthesquareiffy orientedcounterclockwise Evaluate Ede where Elxy x xy
AnswerchooseanyparamofCincow

II
11.11 11 7

into ears

Edt int forteai tf I 9at
fi E I at
fi 8 I at
Sotattfotat fi t at 42

g g gg gg

É d
Alternativenotation if E FiFi F thenyoumaysee Edewrittenas FCeltsft t Elect1 It t tElectsfelt at
Exfind coszaxtedyte'dz wherecisparameterizedby setlistet forteCo2

Hence 8cocoset usetetetJdt get t z

Fundamentaltheoremofcalculus
recallthefundamentaltheoremofcalculus etc foraDfunctions if G ab it isdifferentiablewithorgthen
pagex ax GibGca

theorem etcforlineintegrals
suppose t b t IR is c andcisanorientedsimplecurve oratleastpiecewisecisande ab in is aparamconsistent
withtheorientationonc then Scotde tielbs fcecal



Example lets Fxyz Cyxo andletcbetheorientedsimplecurvepairedbyects t sin so for teCoD
whatis E de
Answerwesee E ofwhere foxy z ay
HencebyFtc Ede f eat f eco
Eds teas feco t E I ostoooo t

soevenifthecurvec iscomplicated ifwe'reintegrating agradientvector thenwedon'tactuallyneedtocompute
anyintegralsatall



section7.3 parameterized surfaces
twotypesofsurfaces note it includesitasaspecialcase
isgraphsoffunctionf la a
lillevelsetsoffunctionf Rs r

parameterizedsurfacesasmappings
Forintegrationsoversurfaces itwillbeusefultohavea wayofdescribingsurfacesparametrically
Definition Aparametrisationofasurfaceisanyfunction E per in whereDis adomainin R thenthesurface
corresponding toE istheimageof bunderE i.e s ELD wereferto thesurfaceswithparameterization E

IdeaEtakesa flatdomainDelkanditleadstwists it into a surface ILD is a

Ifwewrite Icuu xcuusyouvszoavs thenweareviewing uandv as
theparameters
Notetextbooksays if I isdiffablec thenwecalls adiffableasurfaceBut I canbedifferentiableandshavecorners
sowe'lljustreferto Easbeingdiffablee ratherthans

Example letPepbeaplanegoingthroughapointwithposvece andisparallelto2vectors bande thenthe
planePis thesetofpointswithpositionvectors at ubtveforLaviela
ie Ican atubt re forcar er soD in here thisistheparameterizationofaplane

Example2 unitsphereinRandsphericalcooras singcososincesincecose forOsoszaosesto
thus I10,4 sinecosysinusnocosas for D Coza xcotu eR

a y
is a parameterizationofthesphere

Examplesconegiven tfxy.in it werealizeas aparametricsurfacebyletting x ucusu y usinv andzu for
veCoanti andaecox i e DCox xcozed

Elur ucosuusinu u
Note I is c but s hasa cornersoweshouldn'tcall s a c surface

Regularsurfaces
Giventhesurfacesemwithadiffableparameterization Ican xluv youv ecuvi wewantto talkoftangentpia
andnormalvectorsto s Thiswillmakesenseit s isaregularsurface nes

QHowcanwecreatetangentvectorsatElainesusingE If wehadtosuchtangentvectors wecantaketheircross
producttogetanormalvectoratIcaovolts
A If wehold uconstantwithvalueno andwevaryv byconsideringthepath t ILuot e s
thentheimageofthispathis acurveon swithtangentvector atEchoro Tain

givenby Einoro Er1nov07 Fucuo.ro FuCaoroll
wedenoteITbyIv

wedenote2 byIn

theideaisthatifthesurfaceis nice Lor differentiable atIcaovoithenIn and I r shouldbenonzeroand
nonparallelat noro Then InxIr noro isanonzerovectorandnormaltothesurfaces at Echono

Definition letsbethesurfacewithdiffableparameterization E wecalls regular or smooth or diffable at ELuono
providedthatIuxIu 0 atLuovo
Wecallsregularif it isregularat allIcaorosesThevectorInxIuisnormaltos atanypoint



Example

considertheconez x y ThecparameterizationisgivenbyEcuveLucosvusinvu forLuuseCox xLo24
I isdiffablesowecancomputeInandIv Butweshouldexpect IuxIvCoo Q
Indeed I10,05BE10,0 cos10 It sintoI t k It e

Ir10,0 2 coo osin101It ocosoj.toI Q
so IuxIvco01 Q Hence s isnotregularatcoo

tangentPlaneto parameterizedsurfaces
Definition Letsbethesurfacewithdittableparam E bea in
andsupposes isregularat ELuono thenthetangentplaneof s at ELuonosis
exxo y yo z zo n o
where e TaxIv uomo and exoyozo Eino.ro

Example

LetEB where I lausLucusvusinu u try
In cosusinvzu
Tr s usinvucosv ar
Tu
Tripos sit in folks

clearly ifInx Iv e atsomepointcurl wehaveno
If uo thentaxIv Iggy sothentaxIv O E un 10,0usinrucosv ar u Hence notangentplaneatcoo

Butthereisawelldefinedtangentplaneatallotherpointsonse.g lookat Elliotc o l anda czoishencetheequationof
ourtangentplaneis six is iz i so ie text



7.4areaofsurface
Q Howdowecomputederivethesurfaceareaofasurfaceswithparameterization EDeir'sits
I D

ygf.it YjpYjftIisit
weknowthat I is andInuivisaretangentto satIony
Alsoautumiv andDrIraniv thenthesespanaparallelogramwhosearea
HauIaluiu xorIvluivillapproximatestheareaofElri andthisapproximation
getsbetteraswemakethegridfiner

iewecanexpectthatE.jolIuluivsxIrcuiviillarautendstoareais asn x
SfIltaxIullaudr

Definitionsupposesisaregularparameterizedsurfacepossiblyexceptatfinitelypoints withparameterizationEDeir r whichis
cand I IexceptpossiblyattheboundaryofDThenthesurfaceareaofs is
Als 11InxIlldudV

Note ifhypothesisaresatisfiedonlypiecewisecomputesurfaceareaofeachseparatelyandsum
NotequantityofAlsisindependentofthechosenparameterization

Example1
Findtheareaofthecones
EUNITbelowtheplane za É

parameterizesas xucosr yeusinv za whereosusi andoevent
withEcuuscucosvusinvusweseethat I isa 2awayfromtheboundaryofDsince itEluv5Emir'sforsomeouu'dandoarvice

cosucosu
manga

my

subinutorsinr sinv
so v r t antforsomene1 butbecauseofbounds

viii
In cosvsinv17
I v e usinvnosvo

I intin if Is ousinvucavo u

IFuxIukfuzcosvtuh.in u Da
noteInx I onlyvanisheswhenuOandsinceIcovs ooo theconeonlytailstoberegularatonepointso wecancompute
Acs Eududu DCon xcotu
toEuduav RT



7.5integralsofscalarfunctionsoversurfaces
sisasurfaceparameterizedbya cmapping I Dem n whichis i i exceptpossiblyat theboundariesofD and
sisregular exceptatfinitelymanypoints
Definitionsuppose t s itiscontinuousthentheintegralof fovers is
1stas SpfEcuv IlIuxIulldudr
notewhenf 1 werecoverthesurfaceareaof s i.e As Ssds
Notetheaboveis independentoftheparameterization E asforthepathintegral

Interpretation ig s it is20andrepresentsthemassdensityofthesurfacesthenthetotalmassofs is
MLS llsfixyz as

Example 1 letsek beahelicoidparameterizedby Eiro crosorsinoo for otoeat oerel
Letfixyz Vitxity find Isfds
Answer Firstcompute IIIxtoll
I 3 cososinoO

ii itI If srsinorooseI Ig sincecoso

soHixtollVier It
Hence IsFas f http o I S ler drdo atfilitre ar 851

Example2 letsee betheconezVxatybelowtheplane e l supposeshasamassdensitypoxy zset FindMls

ate
mm

Answer wesawscouldbeparameterizedby Icuu ucosv usinuu fordust oevsee

Hencemis Isgds f Sifududu Turzle o Balei



7.6surfaceintegralsofvectorfields 1111512021

Qwhydoweintegrateavectorfieldoverasurface
recall if I isaforcefieldinspaceandatestparticlemovesalonganorientedcurve cer thenthewordoneby
Eontheparticleistelineintegral Seeds SbaElects actsat

taparameterization ab 1123of Cconsistentwiththeorientation
NextSSEaswillbethetuxof E throughanorientedsurfaces

orientation

DefinitionAnorientedsurfacesis atwosidedsurfaceequippedwitha continuouschoiceofnormalvectorsacrossthe
surface Amobiusstripisnotorientedbecause I Te

continuous meansthenormalrectorshouldn'tjumptotheothersideofthesurface ietheyall lieonone
sideandhencespecify mathematically ourchosenside
ExDEFwemightsaythesphereis

orientedwiththeoutwardnormal ororientedwithnormalxityj tzk

If sphereisorientedwithinwardnormal or orientedwithnormal xi yize

everysurfaceof2sideshasapossibleorientationspickoneofthetwosides

Nowsupposewehaveasurfaceswitha dparam Iluvandsuppose s isregularat noro thenweknowhowtoget
anormalrectoratIcaoro namely Inx Ir Luoro
Therefore aparameterizationonsinducesanorientationwejusttakethecontinuouschoiceofnormaltobeIu x Ir un
asluv rangesoverD
ontheotherhand ifsisanorientedsurfaceandwehaveaparamIcuvs thenInxIr willeitherpointinthesamedirection
ons inwhichcasewecallEcuv orientationpreserving or itwillpointintheoppositedirectioninwhichcaseEcuv is
orientationreversing

Example LetsbetheunitsphereinR orientedwithitsoutwardsnormal
Is Elav Isingcost sincesincecos6 for coEze osesto orientationpreservingorreversing
Answerlet x y z ElOoYo then Iox Iu OoYo CsindocosOo sinyosinoo singcosy
sintocwsoosineo.si9jfgg9yIsLcososingsinoosintocos407
ie 11pointsinwards i.e intheoppositedirectiontoourorientationons soEloasisorientationreversing
Note I16,0isthenorientationpreserving

Fertility it a int
drigufiadcetan Ecuus bein r anorientationpreservingparamwithSE Dsatisfying

thesameassumptionsasinsect7.4
LetE s n bea continuousvectorfieldonsThen thesurfaceintegralofEovers is HEde IlFlEcuu taxEdudu
notethisisindependentof E fororientation preserving If I isorientationreversing
JSEd SSDFElav1 LIuxIrdudr

ExLetsbetheorientedsurfaceconsistingofthegraphof a l x y withzoo fequippedwithoutwardnormal
LetE 2xLyz FindA E ds
AnsTry I crosiersinto i fi
To
Ign jj I alwayspositive Ifweswappedtheorder itwouldbe rand

thereforebeorientationreversing



Henceorientationpreserving

ElIcro ariosoarsine1 r
E EIro TrxIo 4rcoso 4rsino r r

Hence IsEde 1 astrdrag at It It Ez
simplifyingsurfaceIntegralcalculations 1111712021

supposewehaveasurfacesgivenbythegraphofzigixy wheregisdiffable ThenwecanparamsbyEcuv5Luvglu.rs
therecurseDwhereDisthedomainofg
Then In si o Eu
Ir so I Er

thenInxIr
y Igg iÉ nevertheavector

Hencetheparam'dsurfacesisregularwithIIIuxfullVitCEFE
if gDelk IRandf isascalarfunctionthen Isfas Afixygcx.gs i 12f1 fy1dxay

ByourformulaforIuxIvthe2possibledirectionsofanormalrectorat xoyogoxoyo arethedirectionsof th where
a L Moyo Eyexoyo I
unlessotherwisespecifiedwealwaysassumethegraphsof z guysareorientedinthedirectionof 1 soalwaysupward
pointing

ThentheparameterizationEcun cuvginu isthenorientationpreservingbyconstruction
NotethatifE LFFaF isa continuousvectorfieldonthegraphsthen ECIuxIu 37F EyFatFz
Therefore JSEds SHEFFEyez F dady

Ext letsbethegraph 7 1 x2yrwhere220 E axayz
then27 20Eyay soSfEd Stanly tying.gg y2 dxdy JSl1t3x't3y'dxdy 1 1 itso rardoStutz

onlyworkswhensurfacesisthegraphofafunctiong
Alsosometimesit'seasytoseewhatanormalvectortoasurfaceiswithoutanorientationpreserving parameterization
E D21133
Thenthenormal InxIr coincideswiththeorientationonS hence
StsE'd SIDEtaxIv dudu SpffIÉgÉygInx

Iulldudu IS E allInXIulldudr IsIEntIds

Ex let sbediskofradius5 intheplane212centeredonthe zaxis ret E xx y z
FindAsE d
Ans sincebisagraphimplicitlyorientedupwards

so I coo i hence SlsEd Ilszas 12areas 300t



chapter8theIntegraltheoremsofvectoranalysis
green'stheorem
stoke'stheorem

gausstheorem divergencetheorem

section8.1Green'stheorem
Green'stheoremgivesaformulaforthelineintegralof a2Dvectorfieldalongaclosedoriented
curvece r intermsofadoubleintegraloveraregionenclosedbyC

Green'stheorem letbek beonelementaryregionsandlet2Dbeitsboundaryorientedclockwise
LetE se e bea avectorfieldonD
Then SabEde IIcourtE kda

recallbycurlEwemeanthecurlofvector e ta o whichis ItEyIs
so curie e 3435g and if
wewrite Ede Fax Fadythen isequivalent to SapFaxtEdySDEx 25gdxdy
Example letDunitdiscandEatxy verifygreen'stheorem
Ans2DunitcircleparambyEctcostsint fortecoit whichisorientationpreserving 7
ThenSoFax Eady f Fcacticacti Ifits Facectsacts IE t dt
Stcostsint costsintouszat
ftcostsint costsintdt
9191 I 0

Also 11 Ifdady
Inlyoldtoy
weintegrateoddfunctionoversymmetrical
It orsinodrdd
O

LetF y Foxthengreen'stheoremsays
Sooydxtidy fl aday
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AreaD IlaAdyydx
ExLetcbehypocycloidinR param'dbyEctcos'tsin't for tecoat If
Findenclosedarea
a LLadyya
AtIS cos't13costsin't sint tacos'tsinedt
A I sincecos4ftcos'ttsineat
A fosincecoitdt
A81 sin at at
A 8441cos144at
A 348

ForamoregeneralregionDelknotnecessarilyelementary green'stheorystillholdstrueifweorienteachboundary
curvecorrectly
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ie SoFaxtfzdy.SI3 3Eydxdy whereSapsumofintegralsovereachboundarycurvewiththecorrectorientation

ExLetDannuluswithouterradius2andinnerradius1
confirmgreen'stheoremforE 23,293

gag
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section8.2Stoke'stheorem
recallGreen'stheorem SanEas SScurie kda s
AlsosincecurlE curlseezo 3511 and Eas FaxFray wewroteit as
SapFaxFadySS3 EFda
Stoke'stheoremwillgeneralize it toorientedsurfacesselkwithboundaryasundercertainassumptionswe'llhave
SasEde IsLauriE de
Stoke'stheoremforparameterizedsurfaces
theoremstore'stheorem Let sek beanorientedsurfacederivedbya c parameterization I DER IR st
DE is 1 2 includingontheboundary anofD
inEisregular exceptpossiblyatfinitelymanypoints
iii Dhassmoothboundarycurves canbepiecewisesmooth

Let25denotetheboundarycurveis ofs eachorientedpositively wrt theorientationons LetE se FaF bea
cvectorfieldons Then
courtE de IsEd
Ifasisempty then Iloure as O

III direction 84
Remarks A letcbeoneoftheboundarycurvesin2s Thenthepositiveorientationonc issit ifyouweretowalk
aroundcinthedirectionof positiveorientationwiththeorientationof sasyouruprightdirectionthenthesurface
swouldbeonyourleft go

I
BThereasonweimposeEis l l includingonaD issothat cab as If eg Iwerethestandardparamofthespherein1B
ie E E10,4 Elyot IR

whichisnot l l theboundarywouldbeacurveinthespherebutthespherehasnoboundaries

C If Elt actsacts isaparamof2Dorientedpositively inthesameconsideredforgreen'sthm then I e isa
paramof25orientedpositively inthesenseofremarkA

InPractice
Youdon'talwaysneedtofindtoexplicitly ifit'sobvioussuchaparameterizationexistse.gforhemispheres



Ext
Letsbetheupperunithemisphere ina orientedoutwards

FIyFinaI1ccuriFs.ds Hit faitmisdirect men are4 giftA xyz socurlI ne

yzexti.siiionamomm

A asEdewithasorientedpositivelywrit theorientationons
sothepositiveorientationof25iscounterclockwise i e wecantake xcescost you sint zero
for tecoetc
so JasEde fastdxFadytf dz fixit facycesdattflaces It at
I csin'tcost at 58 that sint t sint Icostcost to
za A

Notenothingspecialaboutthehemisphereonlythefactitsboundary istheunitsphereinthexyplaneandthesurface
sisnice

Thenagain SsCurie de ze
independentofsurfaces

Example2
Letcbetheintersectionofthecylinder x'ty I andtheplanextytz1 orientedsittheprojectiondownontothe
Xyplaneiscounterclockwise Find f y'dxxxdyEdt t
Ans

wehave E Cy x 73

É
d

an

EI Ga
Butrecallthesurfaceintegral of G GGaG overthegraphofafunction ZGlxy canbecomputedas
IfsEd SfLÉG 35626 dady

Tthedomainoff
Taking E curlE ie G 62 0 93 3 23y
weget
IscurlEdf yy.ggy2ldxdy 3ftoffIor3dodr 6tufor3dr 351

ByStoke'stheorem t 3T

Notecheckstoke'stheoremholdsinthisexamplebycomputing t directlyusingtheparamofcgivenby
Elt costSint Icostsines



Applications

recall if aistheunitnormalofanorientedsurfaces then I e as Icoaids
andsimilarly if I istheunittangentvectortoacurvec then Iede CEI as

takingGcurlE in
and G Ein
thenstoke'stellsusthat curieaas LE IIds

surfaceintegralof pathintegralofthenqgq.IE Jaonngegnis.ai
componentofE

Stoke'stheoremallowsustoconvertbetween pointwise or differential formulationsand integral formulations of
physicallaws
Forexample letBbealinedependentmagneticfieldin1133inducinganelectricfieldE Letsbeanorientedsurfacein1B
withboundarycurvec

oneofmaxwell'sequationsiscurlE tf s

É ButStoke'stheoremsays YouriEde Ede

Hence Ede It Bde
whichisFaraday'slawthevoltage IEdearoundCisminustherateofchangeofthemagneticfluxthroughs



section8.3conservativevectorfields
recall
i If fire n n is c and n zor3 thencuriae
withtheconventionthatwhenn2 of ExEy07

in if fec and e ab in is apiecewisedparamof c er then fof as feelb f elan

conservativeFields

a whenisagivenvectorfieldagradientfield
notethe cutE e isnotsufficienttoconclude E of forsomef
Ex ECity y whichis c on R lo andcurlE so0 3 Ey coo o on1134so
Also I tan E If F
Eytan k Ay Ez

Buttan Y isnotdefinedonallofIRsolegnotdefinedwhereverx o hencethereis no f ec Riley
sit of E in112410311

Howeverthisequality cure o issufficienttoobtain E of aslongasyourdomainis simplyconnected
startpoint endpointy fnoselfintersections

Definition Adomain r r simplyconnectediteveryclosedsimplecurvecanbecontinuouslycontractedto apoint
whileremainingin s

3 zaxis X

x 1123 oV Innotbecontractedtoapoint
theorem let n z or3 letE r er 1B bea d vectorfieldderivedonasimplyconnecteddomains Thenthe
followingareequivalent
i foranyorientedsimpleclosedcurvec er I Ede o
ii forany2orientedsimplecurves c and c containedin r withthesamestartandendpoints
fEde Eas if
iii E of for some fee r
ivcurlE Q wherecuriemeanscurist 12,07if n z

Avectorfieldsatisfyinganyoneandhenceall oftheaboveiscalledconservative

sketchproofin3D is ii exercise
in in supposeforsimplicity10,0o er
letfixyz Edswherecisanyorientedsimplecurvejoining10,0o toixyz thensnowof E

intsirsseenbefore
in is let ce r beanysimpleclosedcurveandletsbeanysurfacewhoseboundaryiscthen Ed curlEd2 0

WecallavectorfieldEsatisfyingcurlE aimotational Hence avectorfieldisimotationalas itisagradientfieldandisona
simplyconnecteddomain

If EOf wecallf apotentialforE

Ex1 Does Fexists f st OfEwhereE czxyztsinxxz x'y onIR Ifsofindf
Answer B issimplyconnectedandI tcwithcurlI

FfgIggyy1
sosuchafunctionf existsbyourtheorem
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fxyz pay
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Eg xz fixozytnexiz so
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Ex2 letE Leisinge'cosyza andletc beparam'dby cliff tie for oster Find fEnds
ans
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Hencebyourtheorem I offorsomef and fEdz f Ell fleco fille flopy
Tofindf
Exe'sing f esingtglyt
e'cosy f e'singthx z next plyes 23so
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takeplay e'sing

fixy z exsingttz

so thiserfcoois esing se 5X

QDoesdive o E curieforsomevectorfielde
Answeryesbutwehavetoimposemoreonourdomain
theorem if E isa c vectorfieldon1Bwithdiveoonesthenthereexistsa c vectorfieldse s.t curlE E
Ideawecanfindavectorfield whichworkssit 6 6Guo
then
curry

wantthistobeequalto12G
G Ga

2262F I Grixyz SEFlxy t dt guy
2 6 Fa G IFeltyetat
whereguy istobedeterminedA
Ex letE x 1 z ay y in IR DoesthereexistG sit curl E
If sofindone
Ans dive 2 2 0 0 so Eexists
G xy z S tzxydt Eec2xyt 222xyz
Gzayz Fy 1at guy x tilt toguy zlxztntgex.gl
curio I

age S IIIgangsta axgcx.gs

wantthis E

f y
sowewantdxgix.glysowecantakegix.glxy

Ex2 Elyse x thendive o sothereexistsI sit curlE E
G Studt523
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section8.4GaussDivergencetheorem
recallGreen's stokesrelatedintegralsoverasurfacetointegralsoverthesurface'sboundarycurve

Divergencetheoremwillrelateanintegraloveradomainin in toanintegralovertheboundarysurfaceis ofthedomain

Divergencetheorem let we r be a regionwithpiecewisesmoothboundaryoworienteachboundarysurfaceinow
withthenormalpointingoutoftheregionw supposeEis aa vectorfieldonwthen I diredu IwEde
Exampleofregions
1 Ifwistheunitball points x y z sit x ty'te eis thenawistheunitsphere
pointsixy z sit xuyatzi

É
ii letB betheballofradius 1andBy istheballofradius42Letw B Byzthisis asphericalshell
ofthicknessyaouterspheremustpointoutandinnerpointsinsothatitsawayfromshell
nil If

recall Interpretationofdivergence If E isvelocityvectorfieldof afluid thenanE istherateofexpansion
perunitvolumeundertheflowofthefluid
diveso firs
diveso on

expansion

compression

so SSIdirEdrmeasuresthenetrateofexpansionofthefluidwithinw

ontheotherhand SlowEd withaworientedoutfromw isthetotalfluxoutoftheregionw
i.e thenetrateofwhichthefluidflowsoutof w

sothedivtheoremsays thenetrateofexpansionoffluidiswithina volumew isequaltothenetrateofflowoutof
thevolumeno surprisethatthedivtheoremcomesupinconservationlawsinphysics

Notewhenafluidinincompressible i e whendirE o thendivtheoremsays HowEd1 0
thisistobeexpected if afluidis incompressible thentheamountoffluid inwmustbeconstantalongtheflow
Anyfluidflowingoutofregionwmustbebalancedbythesameamountoffluidflowingintotheregionw
ie thetotalfluxiszero

Moregenerally foraphysicalvectorfieldE oneshouldviewpointswheredive70 asbeingsourcesforE
andpointswheredivecoasbeingsinksforE sodirtheoremsaysthatthenetcontribution fromsourcesand
sinksmustmatchexactlythenetflowoutofW

Ex1 E ax y e sandlet sbetheunitsphereorientedoutwards Find IsE as
Ans IfWunitballinR thenow s sobydivtheorem SSEd1 Illwaivedu
SSW22427AV H
couldcomputeusingspherical butdon'tneedto
SISwydu JswZarO
bysymmetryandthefactthatyzareoddfunctionsso
H SSIw2dv 2v01LW E

Ex2 flow x y zf'ds wherew unitball
Ans Applydivtheorem findELF E F where I n x2 y'tt
wherea outwardspointingunitnormal onow i e a exy z so I a fixthyFse x tyt z
ieE x I 1 thendire 1 Hence t Ifadv rollout 45
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